
Chapter ML-LAB:VI

Some hints to help with the Multilayer Perceptron implementation
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yR(w,x) = yR(wO,yH(wH ,x)) = σ (w0R + wPR · yP (wH ,x) + wQR · yQ(wH ,x))

= σ (w0R + wPR · σ (w0P + w1Px1 + w2Px2) + wQR · σ (w0Q + w1Qx1 + w2Qx2))

Err (w) = 1
2

∑
(x,c(x))∈D(c(x)− yR(x))2
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Backpropagation

Idea

q Find out how each parameter in w contributes to the error Err
q Adjust w in the direction where Err decreases the most: −∂Err

∂w

q Weight update by layer: w(t+1)
O := w

(t)
O − η·

∂Err
∂wO

(η is the learning rate)

and w
(t+1)
H := w

(t)
H − η·

∂Err
∂wH

ML-LAB:VI-3 Neural Networks © STEIN/VÖLSKE/CHEN 2018



Backpropagation

Idea

q Find out how each parameter in w contributes to the error Err
q Adjust w in the direction where Err decreases the most: −∂Err

∂w

q Weight update by layer: w(t+1)
O := w

(t)
O − η·

∂Err
∂wO

(η is the learning rate)

and w
(t+1)
H := w
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Write the error as a nested function:

Err (w,x) = Err (yR(w,x)) = Err (yR(wO,yH(wH ,x))) where yH :=

 yP (x,wH)

yQ(x,wH)


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Decompose the gradient with respect to each layer of weights (using the chain rule):

wH wO

ErrR

x2 = B

x1 = A

x0 ≡ 1

Q

P

1 ∂Err(w)
∂wO

= ∂Err
∂yR
· ∂yR∂wO

and
∂Err(w)
∂wH

= ∂Err
∂yR
· ∂yR∂yH

· ∂yH∂wH
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Gradient for Output Layer Weights
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Gradient for Output Layer Weights

Err
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∂Err(w)
∂wO

= ∂Err
∂yR
· ∂yR∂wO

∂Err
∂yR

= ∂
∂yR

1
2 (c(x)− yR)

2 = −1 · (c(x)− yR)

∂yR
∂wO

= ∂
∂wO

σ (wO · ỹH) where ỹH :=

[
1

yH

]
= σ′(wO · ỹH) · ∂

∂wO
wO · ỹH

= (σ(wO · ỹH)� (1− σ(wO · ỹH))) · ỹH � := element-wise product

= (yR � (1− yR)) · ỹH
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ML-LAB:VI-11 Neural Networks © STEIN/VÖLSKE/CHEN 2018



Gradient for Output Layer Weights

Err

wH wO

R

x2 = B

x1 = A

x0 ≡ 1

Q

P

1

∂Err(w)
∂wO

= ∂Err
∂yR
· ∂yR∂wO

∂Err
∂yR

= ∂
∂yR

1
2 (c(x)− yR)

2 = −1 · (c(x)− yR)

∂yR
∂wO

= ∂
∂wO
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Gradient for Hidden Layer Weights
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= (yR � (1− yR)) ·wO

∂yH
wH

= ∂
∂wH

σ(x ·wH) = σ′(x ·wH) · x
= (yH � (1− yH)) · x

ML-LAB:VI-17 Neural Networks © STEIN/VÖLSKE/CHEN 2018



Gradient for Hidden Layer Weights

Err

wH wO

R

x2 = B

x1 = A

x0 ≡ 1

Q

P

1

∂Err(w)
∂wH

= ∂Err
∂yR
· ∂yR∂yH

· ∂yH∂wH

∂yR
∂yH

= ∂
∂yH
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Deriving the Weight Update Rules

Recap:
∂Err(wO)
∂wO

= ∂Err
∂yR
· ∂yR∂wO

= −1 · (c(x)− yR)� (yR � (1− yR)) · ỹH
= −δO · ỹH

∂Err(w)
∂wH

= ∂Err
∂yR
· ∂yR∂yH

· ∂yH∂wH
= −1 · (c(x)− yR)� (yR � (1− yR)) ·wO

·(yH � (1− yH)) · x
= −(δO ·wO)� (yH � (1− yH)) · x
= −δH · x
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∂Err(w)
∂wH

= ∂Err
∂yR
· ∂yR∂yH

· ∂yH∂wH
= −1 · (c(x)− yR)� (yR � (1− yR)) ·wO

·(yH � (1− yH)) · x
= −(δO ·wO)� (yH � (1− yH)) · x
= −δH · x

ML-LAB:VI-21 Neural Networks © STEIN/VÖLSKE/CHEN 2018



Deriving the Weight Update Rules

Recap:
∂Err(wO)
∂wO

= ∂Err
∂yR
· ∂yR∂wO

= −1 · (c(x)− yR)� (yR � (1− yR)) · ỹH
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In the code:
yR := (forward pass)

δO := (c(x)− yR)� (yR � (1− yR))
δH := (δO ·wO)� (yH � (1− yH))

w
(t+1)
O := w

(t)
O + η · δO · ỹH

w
(t+1)
H := w

(t)
H + η · δH · x
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