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Preliminaries and Notations

Tensors will be written in compact notation or indicial notation. In indicial
notation, the components of a tensor are explicitely specified, e.g f; for a first
order tensor, f;; for a second order tensor. We use Einsein notation and sum
over repeated indices. Capital indices denotes a node number, e.g g;; is the
first order tensor for node I. Alternatively, we write the tensor in compact
notation, e.g. f; = f or f;; = f. The symbol (-) denotes a tensor contraction,
e.g figi=r =1f-gor fijrgru = ri; is in compact notation f : g = r. The symbol
® denotes a tensor product, e.g. f;g; = 74; is in compact notation f ® g = r.
The symbol x denotes a vector cross product, e.g. £ x g = €51 fi gr where €1,
is the permutation tensor. We will also used Voigt notation where suitable and
write g; = (91, 92, 93, 912, G13, g23) instead of g;;. When we refer to quantities in
the initial configuration, we use capital letters; if we refer to quantities in the
current configuration, small letters are used. Therefore, let us consider a body €2
with boundary I'; their images in the initial state are 2y and Ty, respectivelyﬂ.
The initial state will also serve as the reference state. The motion is described
by

x = ¢(X, t), (1)

where x are the spatial (Eulerian) coordinates and X the material (Lagrangian)
coordinates. The displacement is then given by

U(X, t) =x—-X= ¢(Xa t) - X, (2)

For example, let us consider the material time derivatives of the velocity and
acceleration field in a Lagrangian descriptiorﬂ then we can write:

v(X,t) = w:ﬁ
axy = PR Q0

where u is the displacement and v and a the velocity and acceleration, respec-
tively. In Eulerian description, advective terms are present in the total time

! The subscript 0 is always used when we refer to quantities in the initial configuration
2in terms of material coordinates
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derivatives:
ov(X,t)  Ovi(x,t) 0z (X, 1)
a(X,t) = +
ot O0x; ot
ov(X,t) = Ovi(x,t)
a(X,t) = + v (4)
ot 8$j

A Lagrangian description is generally used for solids while an Eulerian descrip-
tion of motion is used in fluid mechanics. The deformation gradient is defined
by
ox
F=— 5
0X (5)

A strain measured that can be derived from the deformation gradient is given
by
_ Ou

e=< =1-F (6)

Another useful strain measure is the rate-of-deformation tensor
D=05(L+L") (7)

where L = v; ; = F - F~! is the velocity gradient. The Green Lagrange strain

tensor is defined by:
E=05(F'F-1I) (8)

The work-conjugate stress-tensor of the rate-of-deformation tensor is the Cauchy-
stress tensor o and e.g. for E, it is the second Piola Kirchhoff stress tensor. The
different stress measures can be transformed into each other. For more details,
see Belytschko et al. [i].
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Symbols

[()] jump

oD() () material time derivative

=%, V, (+),; nabla operator

Subscripts/Superscripts

S symmetric part of a tensor or Shepard function or stress point or
crack surface

h approximation...

U Dirichlet...

t von Neumann... or crack tip...

c crack...

P particle... or penalty...

L Lagrange multiplier...

AL augmented Lagrange...

std standard...

enr enriched...

bind blending/transition...

lin linear...

(e) element...

0 refer to quantities in the reference/initial configuration

max maximum...

min minimum...

ext external...

nt internal...

Q Gauss point...

a,b enriched node

diag diagonal...

kin inertia...

Latin letters

E Young’s modulus

G Shear modulus

K, Kir Stress intensity factor
T,X spatial coordinates
X, X material coordinates
u, U displacement,

d displacement vector
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condition number
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strain
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Chapter 1

Introduction

Finite element methods are a very powerful numerical tool to study, predict
and model the behavior of materials, structures, fluids and events. They were
successfully applied in many areas in Engineering Science. Applications range
from the automobile industry, Aerospace and Aeronautical Engineering, Envi-
ronmental Engineering, over Mechanical and Civil Engineering to Geomechan-
ics, Biomechanics and Material science. Even scientists from disciplines such as
applied maths, physics and computational chemistry use finite element meth-
ods. Finite element methods can be used as design tool. A typical Engineering
application is the design of cars, ships, aircrafts, bridges, dams, armor, new
materials etc. Many aspects are studied with finite elements including fluid
mechanics, solid mechanics and fluid-fluid-interaction as well as fluid-structure
interaction, e.g. the aerodynamic behavior, pollution, acoustic emission, safety
and reliability analysis, etc. Finite elements can also be used as predictive tools,
e.g. crack growths of existing flaws in wings of aircrafts, avalanches, land slides,
damage of human tissue in arteries or the pulmonary system, to name a few
applications.

However, while standard finite elements have a wide application spectrum,
there are still limitations where standard finite elements do not give acceptable
results. One class of problems that finite elements are not able to capture suffi-
ciently are problems that involve strong and weak discontinuities, i.e. jump in
the displacement and strain field, respectively. There are two huge application
spectra that involve strong and weak discontintuities:

1. Fracture and computational failure mechanics that involves the initiation
and propagation of cracks, i.e. strong discontinuities.

2. So-called interface problems, that can be classified into solid-solid, solid-
fluid and fluid-fluid interfaces. While solid-fluid interface problems are
applications with strong discontinuities, solid-solid and fluid-fluid interface
problems involve weak discontinuities.

13
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Standard finite elements are not well suited for such kind of problems due to
their smooth interpolation character. The shape function of standard finite
elements are piecewise polynomials and strong and weak discontinuities can be
incorporated only along element edges. For cracks for example, the numerical
results become very sensitive with respect to the orientation of the mesh and
also with respect to the chosen size and shape of the elements. Sufficient results
can only be obtained by computational expensive remeshing procedures. The
data from the old mesh has to be mapped to the new mesh that also leads to
loss of accuracy. Similar problems occur in fluid mechanics when the inferface
of two different fluids or a fluid and a structure has to be captured.

Within this lecture, extended finite element and meshfree methods will be
studied that can handle arbitrary strong and weak discontinuities. These meth-
ods modify the approximation space of the test and trial function, such that
arbitrary strong and weak discontinuities can be handled. Though it sounds
at first illogical, extended finite element methods were born out of meshfree
methods. Hence, the lecture will first discuss meshfree methods and some ba-
sic concepts that are inherent of extended finite element methods. We will see
that meshfree methods have certain advantages over finite element methods
with respect to certain applications. These aspects will be discussed within this
lecture.

At the end of the lecture you should know

e what is a global and local partition of unity and how it is related to
completeness

e what is completeness and continuity
e what is a Lagrangian and Eulerian kernel function

e what is SPH, RKPM, EFG, PUFEM and how to derive the shape functions
of these methods

e what is the difference between an intrinsic and extrinsic basis
e how to derive a weak form from a strong form (and vice versa)

e how to perform a nodal, stress-point and cell-integration in a meshfree
method

e how to derive discrete meshfree equations

e why meshfree methods have difficulties in imposing Dirichlet boundary
conditions and how to impose them

e what is a strong and weak discontinuity
e how to incorporate strong discontinuities in a meshfree method

e what is a level set and a signed distance function



the principal of XFEM

how to incorporate a strong and weak discontinuity in XFEM

the implementation procedure in XFEM

different possibilities to close a crack at its crack tip within XFEM

the principal of Embedded elements and Interface elements

15
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Chapter 2

Meshfree methods

2.1 Completeness, consistency and Partition of
Unity

Completeness in finite element and meshfree methods plays the same role as
consistency in finite difference methods, Belytschko et al. [E'] While for finite
differences, consistency describes how good the difference scheme approximates
the differential operator, completeness is expressed in terms of the order of the
polynomial which must be represented exactly. For functions depending on the
coordinates X, completeness can be stated as follows: a set of approximating
functions ® ;(X) reproduce p(X) with u; = p(X), when

®(X) us = @s(X) p(X;) = p(X) (2.1)

If the approximation is able to reproduce a constant function, then the approxi-
mation is called zero-order complete. If the approximation can reproduce linear
functions exactly, it is called first-order complete or linear complete and so on.
The term completeness is sometimes referred to as reproducing conditions. In
two dimensions, the constant and linear reproducing conditions are given by

> esX) =1 (2.2)
J
Y oX) X=X ) &X) Y, =Y (2.3)
J J

or in indicial notation

> 0,(X) X =X, (2.4)
J

If the derivatives of a polynomial field is reproduced correctly, we call this the
derivative reproducing conditions. In two dimensions, the derivative reproduc-

17



18 CHAPTER 2. MESHFREE METHODS

ing conditions for a constant and linear field are given by

Zq)J,X(X) =0 Z P,y (X)=0 (2.5)
7 7

D ox(X)Xy;=1 > 0;y(X) X;=0 (2.6)
J J

D ex(X) V=0 > (X)) Y =1 (2.7)
J J

or in indicial notation

Z ®:(X) =0 Z ©74(X) Xjj = 0ij (2.8)
J J

If the approximating functions ®;(x) can reproduce the constant and as-
suming that u; = 1, the approximation should be exactly unity (see eq. [Z2))

> d(x) =1

Functions that possess this property are called partition of unities (PU).
Isoparametric finite element shape functions meet this condition. Hence, isopara-
metric finite elements can be classified in the category of partition of unity
methods.

2.2 Conservation, stability and convergence

Belytschko et al. [E] have shown that a discretization has to be zero-order com-
plete to guarantee conservation of linear momentum and linear complete to
guarantee conservation of angular momentum.

Conservation of linear momentum requires that the rate of change of linear
momentum equals the total applied force such that the total change of linear
momentum due to internal forces is zero. Thus, in the absence of external forces
and body forces, conservation of linear momentum requires that

Dﬂt <Z m[v[> = Zm[\?[ =0 (29)

I€8 Ies8

where m; are nodal masses and v the velocity field. From the linear momentum
equation (without external and body forces) we know that

m[\'/[:—ZV@](XJ)~U(XJ) w.y (210)
Jes

where ®;(X ;) are shape functions and w; are the quadrature weights. Substi-
tuting the RHS of eq. (1) into eq. ) gives

Zm[v[ = — Z Z V(I)[(X])O'(X]) wy = — Z ZV@[(X])O‘(X]) wy = 0

Ie8 Ie8 JeS JeS I€S
(2.11)
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that requires that > V®;(X;) = 0 for arbitrary stress states that in turn
Ies
requires zero-order complete shape functions.

Conservation of angular momentum requires that any change in angular
momentum is exclusively due to external forces. Hence, let us show that the
change of angular momentum in the absence of external forces vanishes. The
time rate of change of angular momentum in the absence of external forces can
be expressed as

D

— X = v X =0 2.12

Dt (zj:m[V] X [) z]:m[ Vi X X1+ vV XVy ( )
=0

Here, x denotes the vector cross product. Substituting eq. 1) into eq. EI2)
leads to

Dﬂt <Z myvy X X1> = ZGijk <Z Py m(Xy) omj(XJ)wJ> X (2.13)
I

I J

where €;;;; is the permutation tensor and Xy, refers to the k — th component of
particle I. We sum over repeated indices. Eq. [ZI3)) can be reformulated to

€ijk Z <Z (I)I,m(XJ)XIk> Omj (X)W = €ijk0mk Z om; (Xg)wy
7 \'71 7

Omk

= ijmomi(Xy)wy =0 (2.14)
—_——
J ~;
Note, that we used the linear reproducing conditions of the derivatives of the
approximation and the symmetry of the Cauchy stress tensor.
A method is convergent of order k (k > 0) if

max [u(X;) — u;| < Ch* (2.15)
-~

%

where C' is a constant and h is the dilation parameter in meshfree methodd]
defined later. According to the Lax-Richtmeyr equivalence theorem, a method
is convergent if it is consistent and stable. Stability guarantees that a small
defect in the discretization remains small. As already mentioned, completeness
takes the role of consistency in a Galerkin methods.

2.3 Continuity

An approximation is considered to be C™ if its approximating functions are n
times continuous differentiable.

Lh would denote the element size in finite elements
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Support sizé of particle|

Figure 2.1: Support size of the kernel function

2.4 The weighting function

2.4.1 Requirements of the weighting function

The weighting function plays an important role in meshfree methods. Other
names for the weighting function are window and kernel function. Typically,
three requirements are imposed on the kernel function:

lim W(X[ - XJ, ho) = 5(X] - X]) (216)
ho—0
W(X; — Xy, ho)dQ = 1 (2.17)
Qo
W(X;—Xshy) = 0 VX;—X;>R (2.18)

where 0 denotes the Dirac delta function, hg is a shape or dilation parameter
that determines the size of the domain of influence of the kernel and R is a
shape parameter often related to hg, see figure 2211 The last condition is called
compact support of the shape function. It can be shown that there is an optimal
value for the ratio between the dilation parameter hg and the distance between
particles z. FigureEZZAshows that for a fixed distribution of particles, 2 constant,
the dilation parameter must be large enough to avoid aliasing (spurious short
waves in the approximated solution). It also shows that an excessively large
value for hy will lead to excessive smoothing. For this reason, it is common to
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maintain a constant ratio between the dilation parameter hy and the distance
between particles x. In most applications, the ratio between the support sizef]
and particle separation = lies in the range between 2.8 and 3.2. Usually, also
the following symmetry conditions are imposed on the kernel function:

W(X[ —Xj,ho) = W(XJ—X[,hO) (2.19)
VoW(X; —Xy,ho) = —VoW(Xy =X, ho) (2.20)

There are basically two ways to construct kernel functions in higher order
dimensions that lead to different sizes and shapes of the domain of influence.
Either, the kernel function has spherical support

W(X) = Wi (X)), (2.21)
or the kernel function has rectangular support
W(X) = Wip([Xa|) Wi (|Xz2]) Wip(|Xa]) (2.22)
where X = (X1, Xo, X3) and || X|| = /X7 + X3 + X2.

2.4.2 Specific weighting functions

A very popular kernel function is the cubic B-spline given by:

& (1-1.522+0.752%) 0<z<1
W(r) = 55 (2 - 2)° 1<2<2 (2.23)
0 z>2

where D is the dimension, z = r/hg and C is a constant depending on the
dimension

2/3 D=1
C={ 10/(77) D=2 (2.24)
1/m D=3

Note, that it is standard to scale the weighting function with the dilation pa-
rameter hy and express it in non-dimensional form (in terms of z). The first
spatial derivatives of the cubic B-spline are obtained by standard differentiation.
Defining z = ||X; — X ||, we obtain

oW 0w 0z
== 2.25
aXiJ 82 8X1J ( )
with
B (2 4+0.7522) 0<z<1
oW _ —3C 2
9z = ot (2-2)7  1<z2<2 (2.26)

0 z>2

The one dimensional cubic B-spline and its first spatial derivative is shown in

2Note that the support size is proportional to the dilation parameter
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0.8

0.6
0.4

0.2
— u(x)
0 — u$h°(x)
o -0.2 : - :
o= - 1 - 0 1 5 3 -1 -0.5 0 0.5 1

e) hjz=4 (f) h/z41

Figure 2.2: Meshfree (SPH) approximation functions and approximation of
u(x) = 1 — 2?2 with cubic spline window function, distance between particles
x = 0.5 and quadrature weights w; = x, for h/x = 1,2,4, from B]
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Figure 2.3: Typical kernel function and its first derivative in one dimension

figure Another popular kernel is the quartic spline:

W) = { 1 — 622 +082‘3 -3 0 ?;j 1 (2.27)
Other kernels are for example:
lIx —2x1|| =r linear
wo{ T
(22 + RQ)q multipolar

where ¢, R and ¢ are shape parameters.

2.4.3 Eulerian and Lagrangian kernels

When the kernel function is expressed in terms of spatial coordinates, we call it
an Eulerian kernel:

Wy(x) =W(x —x,(t),h(x,1)) (2.29)

The radius & of the support depends on the spatial coordinates and can change
in time. Simple approaches to update h are given by:

WA = hf g h At
h = 1/30V-v (2.30)
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where v indicates the particle velocity and p is the density. However, the shape
of the domain of influence of a given particle still remains a sphere. More
realistic tensorial support sizes h can be obtained by means of the deformation
gradient F:

h=hH F (2.31)

For radial supported shape functions, h spans a sphere in the initial configu-
ration with hg as radius. In the current configuration, the domain of influence
becomes an ellipsoid where the eigenvectors of h span the axis of that ellipsoid.

When the kernel function is expressed in terms of material coordinates, it is
called a Lagrangian kernel:

Wy (X) = W(X — Xy, ho) (2.32)

For Lagrangian kernels, the neighbors of influence do not change during the
course of the simulation but the domain of influence in the current configuration
changes with time. For radial kernel functions, the domain of influence in the
initial configuration is a circle in two dimensions. In the current configuration
the domain of influence can be extremely distorted. This is a disadvantage in
simulating fluid flow problems and other problems with very large distortions.
On the other hand, it can be shown that many meshfree methods based on
Eulerian kernels introduce a so called tensile instability that is not present in
meshfree methods based on Lagrangian kernels.

Note that most meshfree methods that use an Eulerian kernel are based on
a Lagrangian description of motion. In other words, the standard derivation of
the acceleration omits the time dependence of x;(t). If we let

v(x,t) = > W(x —x;(t) vi(t), (2.33)
IeS
then the accelerations are
a=Y Wi(x—x/(t) Vi + VW(x —xs(t)) X - vr. (2.34)
Ies

The second term is neglected in most Eulerian kernel based meshfree methods.
This inconsistency causes severe difficulties when modeling material failure with
Eulerian based meshfree methods.

2.5 Specific meshfree approximations

A meshfree approximation can be written as the approximation for finite ele-

ments:
u (X, 1) = uy(t) 2s(X) (2.35)
Jes§

where u; are the nodal parameters, ®;(X) are the shape functions and 8 is
the set of nodes with ®;(X) # 0. We note one substantial difference between
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the meshfree and the finite element approximation. While finite elements are
real interpolants, meshfree shape functions are approximants, i.e. they do not
go through the data (u”(x;) # us for meshfree methods). In other words,
meshfree methods do not fulfill a condition often refered to as Kronecker-Delta
property ®;(X ;) = 07y where d;; is the Kronecker delta. This condition is
obviously fulfilled by a finite element formulation but it is violated by almost
every meshfree approximation. This causes difficulities in imposing Dirichlet
boundary conditions. If the shape functions do not vanish along the boundaries,
they do not allow for the space 3! to be represented exactly. This issue will be
addressed in detail in section 20

In the following, we will derive all methods in terms of material coordi-
nates (and in terms of a Lagrangian kernel). The equations in terms of spatial
coordinates are obtained in the same manner.

2.5.1 Smooth Particle Hydrodynamics (SPH)
The continuous SPH-form
The continuous SPH approximation is given by:
uh(X,t) = /Q u(Y,t) W (X =Y, ho(Y)) dY (2.36)
0
where g is the domain of the problem. The constant reproducing condition
A W(X-Y,h(Y)) 1dY =1 (2.37)
0
is fulfilled by definition, see eq. (ZIH). Linear completeness requires that
A W((X-Y,h(Y)) YdY =X (2.38)
0
Noting that eq. ([Z31) requires that
; W(X-Y,h(Y)) XdY =X (2.39)
0
and subtracting eq. ([Z39) from eq. Z3]) leads to
A W((X-Y,h(Y)) (X-Y)dY =0 (2.40)
0

This integral is the first moment of the weighting function. The above equa-
tion is met if the weighting function is symmetric about its origin. Hence, the
continuous SPH form is linear complete.

The spatial partial derivatives of u"(X,t) are given by

Vou(X,t) = [ Vou(Y,t) W(X =Y, ho(Y)) dY (2.41)
Qo
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Integration by parts gives

Vou(X,t) = Vo [u(Y,t) W(X =Y, ho(Y))] dY

— Vou(Y,t) W (X =Y,ho(Y)) dY (2.42)
Qo

Applying the divergence theorem on the first term of the RHS of eq. (ZZ22), we
obtain

Vou(X,t) = /F uw(Y,t) W (X —Y,ho(Y)) ng dly
- / Vou(Y,t) W (X - Y, ho(Y)) dY (2.43)
Qo

In all SPH versions, the surface integrals are neglected so that the final approx-
imation of the derivatives are

Vou(X,t) = — [ Vou(Y,t) W (X —Y,ho(Y)) dY (2.44)
Qo

The discrete SPH-form

In the discrete SPH method, the shape functions are given by a product of the
particle volume and the weighting function:

0;(X) = W(X =X, ho) V) (2.45)

where V? is the volume in the initial configurationf] associated with the node .J.
In the application to partial differential equations (PDEs), an approximation of
a function gradient is needed. In SPH, an approximation of the gradient of a
function is given by

Vou(X) = = > u;Vo®,(X) with Vo, = VoW (X — X, ho) V) (2.46)
Jes§

where the minus sign results from the integration by parts, see eq. ([ZZ2).

It can easily be shown that the discrete SPH form is unable to reproduce even
constant functions correctly even for uniformly spaced particle arrangements.
Therefore, consider a one-dimensional uniform particle arrangement as shown in
figure 4l Particles are located at the positions 2,3,4,5. The dilation parameter
is chosen to be twice the particle distance, we use the cubic B-spline as kernel
function and try to reproduce the constant function of 1. Figure EZ4 shows the
values of every single kernel function and its superposition. We note that the
zero-order completeness is not fulfilled at the boundaries. For an uneven particle
arrangement, the results will get even worse.

3Note that V9 is the quadrature weight
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Figure 2.4: Shape functions of the SPH approximation in one dimension

Since equation ([Z46) does not fulfill zero-order completeness on the bound-
ary even for a regular particle configuration, Gingold and Monaghan [E] intro-
duced a so called symmetrization. In this procedure they assume that

(Z VoW (X — X, ho) V}’) ur =0 (2.47)

JES

although this is only true for a uniform distribution of particles away from any
boundary. Note that eq. [ZZ1) is equivalent to assuming zero-order complete-
ness (note the quantity inside the parenthesis in ([(ZZ7)). Subtracting equation

&428) to equation A1) gives

Voun(X) = > (uy —ur) VoW (X; = X, ho) V7 (2.48)
JeS

A remarkable feature of the symmetrization procedure is that it yields zero-
order completeness for the derivatives of a function for an irregular particle
arrangement.

2.5.2 Corrected SPH forms

The Krongauz-Belytschko correction

Johnson and Beissel E] noted that errors in the extensional strains due to lack
of linear completeness could be corrected by simple scaling, thus improving
accuracy. Another correction that enables the derivatives of constant or linear
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fields to be reproduced exactly was developed by Krongauz and Belytschko [la]
The corrected derivatives are approximated by

Vou(X,t) =Y Gr(X) ug(t) (2.49)
Ies8
or in iditial notation
ul (X, t) = Gir(X) ug(t) (2.50)
Ie8

where Gy is a linear combination of the Shepard functions:

Wi (X)
W5 (X) = 2 (2.51)
IZE:SWI(X)

The approximation functions for the derivatives G; are defined as linear com-
binations of the exact derivatives by a linear transformation

G(X) =a(X)  VoW/ (X) = a;; (X)W} (X) (2.52)

where a(X) are arbitrary parameters. To obtain linear complete reproducing
conditions for the derivatives of the approximation, the following reproducing
condition for the derivative of a linear function must be fulfilled (see also eq.

EZ3):
> Gi(X) @ X, =4 (2.53)
I1es

Let A be the matrix of the cross product between the derivatives of the Shepard
function and the Lagrangian coordinate vector. Then the parameters a can be
easily determined from

Aal =1 (2.54)
where I is the identity matrix and

A W;ZX X; W;;Y Xr
Wiy Yr WPy v

q— | 0xx axy
ayx ayy
Finally, we obtain the approximation for the derivatives of a function from (22

and ([(Z23) as

Vou (X,t) = > a(X) - VoW (X) ur(t) (2.55)
IeS
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Alternative 1
The corrected derivatives can also be obtained by a correction of the form

;= (a11(X) + a12(X) + a13(X)) WIS(X)
Gxr = (a91(X) + ags(X) + ags(X)) W5 (X)
Gyr = (a31(X) + ase(X) + as3(X)) W7 (X) (2.56)

If the coordinate system is shifted to the point of evaluation X, then the coef-
ficients a are obtained as in ([Z5d)) with A given by

1 X - X Y —Y
A=W (X)| X;-X (X7 — X)? (X —X)(Y1-Y)
T Yi—Y (X;—X)(Y;-Y) (Y7 — V)2

In contrast to the method above, a 3 x 3 matrix needs to be inverted. An
advantage of this method is that linear complete shape functions are obtained
in addition to the linear complete corrected derivatives.

Alternative 2
Consider shape functions and shape function derivatives of the form

(i)[ = an(X)WI‘“’jX (X) + alQ(X)WISJY (X) + a3 (X)WIS (X)
Gxr = an(X)WPx(X) + an(X)W7y (X) + as(X)W} (X)
Gyr = asn(X)W7x(X) 4+ as2(X)W7y (X) + ass(X)WF(X)  (2.57)

Now, a is obtained by requiring the approximation ® to reproduce linear func-
tions and the derivatives of the approximation to reproduce the derivatives of
linear functions. To achieve this, [Z27) is substituted into the constant and lin-
ear reproducing conditions, eqs. ([Z2) to ). Shifting the coordinate system
to the point of evaluation X, the coefficients a can be obtained by (224 with

Wix(X)  Wiy(X)  WP(X)
A=) WiX(X) X; WiY(X) X WEX) X;
I Wixk(X)Yr WPy (X)Yr WP(X)Y;

As in Alternative 1, the computational cost is higher, but therefore the shape
functions themselves are able to reproduce linear functions.

Interpolation estimate
Let us show for the two dimensional case that for derivative approximations
which satisfy linear reproducing conditions, the errors in derivative approxi-
mants are of order O(h). Therefore, let us develop the function u(X) into a
Taylor series expansion around X:

uw(Xy) = u(X)+ux(X)(Xr-X)

uy(X) (Y —Y) + 0.5u xx(X) (X7 — X)?

uxy(X) (X7 — X) (Y7 —Y)

0.5uyy (X) (Y7 — Y)? + O(h%) (2.58)

+ + +
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Ignoring higher order terms, we can write u,hX(X) —u,x as

u’hX(X) —ux = ZGX[(X) ur —ux

_ ZGX, w(Xr) - ux (2.59)

Substituting [(ZA8) into [ZRJ), we obtain
W (X) —ux = u(X) Z Gx1(X) 4+ u x(X (Z Gx1(X) (X7 — X) — 1)

+ Z Gxi1(X) (Y1 -Y)

+ 05uxx(X Z Gx1(X) (X7 — X)?

+ uxy(X Z GxiX)(Xr—X) (Y1 -Y)

+ 05uyy(X Z Gxr(X)(Y7 —Y)? (2.60)

With the constant and linear reproducing conditions Z Gxr =0, Z Gxi(X;—
X)=1,>Gx:1(Y1=Y) =0, eq. &0 can be 51mphﬁed
T

hX(X) —ux = 05uxx(X Z Gx1(X)(Xr — X)?

+ uxy(X ZGXI J(Xr = X) (Y1 =Y)

+ 05 uyy(X ZGXI )Y —Y)? (2.61)
From (Z61l), we obtain
lu(X) —u x| < 05 |uxx(X)| |ZGXI )(X1 - X)?|
+  Juxy(X)] |ZGXI )X —=X) (Y7 =Y)|
+ 05 |luyy(X)| |ZGX, )(Y7 —Y)?| (2.62)

Since the shape functions have compact support, there exists a constant d such
that for any X = (X Y)

| X;—X|<d, [YI-Y|<d (2.63)
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Then
[l (X) —ux| < (0.5 Juxx(X)| + [u,xv (X)] + 0.5[uyy (X)) d®
13 Gxi(X)] (2.64)
I
If we assume that Gy satisfies
C
Gxil < 22 (2:65)
0

then if the supports of the shape functions are chosen that the size of the support
is proportional to the local refinement parameter hg, i.e. d = dhg, then
' (X) —ux| < C
(0.5 [u,xx (X)| + u,xv (X)| + 0.5/uyy (X)]) hd2.66)

So the approximation error in the derivative is of order h for a corrected deriva-
tive approximation. Similar observations hold for the Y-derivative.

The Randles-Libersky correction

Randles and Libersky ﬂ] developed a similar correction which they called nor-
malization. To fulfill the first-order completeness, they modified the SPH ap-
proximation for the gradient of the function v with a matrix B:

Vou(X,t) = (— Z (ug(t) —ur(t)) VoW (Xy — X, ho) V}’) ‘B(X) (2.67)

Jes
with

-1

B(X) = <— D (X = X) @ VoW (X = X, hy) V}’) (2.68)
Jes

If the SPH shape functions W(X — X, h) V? are replaced by the Shepard

functions, the expression for B becomes:

B(X) = ( > X, VoW (X, - X, ho)) (2.69)

Jes

which is similar to the Krongauz-Belytschko correction; subtle differences arise
from the symmetrization in (Z87) and (ZB). Note, that the SPH shape func-
tions in equation (Z61) have to be replaced by the Shepard functions when using
eq. (ZEJ) for the computation of B. The approximation for the gradient of the
function w is then formulated in the unsymmetrized form because the Shepard
functions are zero-order complete by construction:

Voul( < > s (t) VoW (X — X, ho) V., ) -B(X) (2.70)
Jes§
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Reproducing kernel particle method (RKPM)

The Reproducing kernel particle method (RKPM) [d] can be considered as an
improvement of the continuous SPH approximation. In order to increase the
order of completeness of the approximation, a correction function C(X,Y) is
introduced into the approximation:

u(X) = C(X, Y)W (X - Y)u(Y)dQy (2.71)
Qv

with K(X,Y) = C(X,Y)IW(X —Y) and where C'(X,Y) is defined such that
the approximation is n-th order complete.

u(X) = pT(X)a (2.72)

p(X)u(X) = p(X)p" (X)a (2.73)

/Q p(Y)W(X — Y)u(Y)dQy = /Q p(Y)pT (Y)W (X - Y)dQya (2.74)

This is a system of equation from which a is solved and substituted into the
approximation u"(X) = pT(X)a, it yields

uh(X):pT(X)[ /Q p(Y)pT(Y)W(X—Y)dQY] /Q P(Y)w(X-Y)u(Y)dQy

(2.75)
with the corrected function
CxY) = pT0| [ pRTIWX - a0y | p(y)
= p (X)MX)] 'p(Y) (2.76)

To evaluate this continuous expression, numerical integration must be employed.
This step leads from the reproducing kernel method to its discrete version, the
reproducing kernel particle method [8].

uh(X) C(X, Y)W (X - Y)u(Y)dQy

Qv

D CX X pw(X = Y)u vy

IeS

pT(X)[M(X)]_l Z p(X)W(X — XI)UIVIO (2.77)
I1es

(2.78)
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The moment matrix M(X) is also computed by numerical integration

M(X) = /Qp(Y)pT(Y)W(X—Y)dQY
- Zp(X;)pT(XI)W(X—X[)VIO (2.79)
I1es

2.5.3 [Element-free Galkerin method (EFG)

The EFG method employs a moving least square approximation that was orig-
inally developed for curve fitting. We will go one step back and first look at
least-square fitting.

Least square approximation

For the sake of simplicity, we first present this method in one dimension. The
method is then naturally extended to higher dimensions. Let us consider the
data fitting problem where we want to find a function u"(z) fitting the data
points (7, ur) with ur = u(x7). Assume that the approximation function u"(x)
is a polynomial of order m:

u(x) = ap + a1z + asx® + ... + apa™ (2.80)

that can be written in compact form as

u"(z) = pT(x)a (2.81)

Figure 2.5: Data fitting using least square method

The parameters a can be determined by minimizing the square of difference
between uy and u”(zr)

3= [u(xr) —u)? = Z[pT(x[)a —up)? (2.82)

1 I=1

NE

~
Il
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Taking derivatives with respect to a leads to the equation

n n
Y panp’(@a="Y pler)ur (2.83)
I=1 I=1
which allows us to solve for the unknowns a. Then the approximation function
u”(z) is completely defined.
Example Let us consider the data fitting example given in table

xy 1 2 3
ur 1 1.5 4

Let us define a line approximating these points. In this case, we have

pl(x)=[1 z] a¥=lay ai] (2.84)
Eq. Z33) becomes

23: [9511 ié] a 23: [zl,] u (2.85)

I=1 I=1
3 6 6.5
[6 14] a= {16} (2.86)
The solution is ayp = —5/6 and a; = 1.5, hence the approximating line is given
by
5 3
h
—_Z 4= 2.
u"(x) 5 + 5% (2.87)

It is clear that this way of approximation equals the role of all data points which
often gives inaccurate results if some points are more important than others.

Moving least square approximation

In the moving least square (MLS) approximation, the unknown a will depend
on the coordinates X or X when we consider higher order dimensions. The
MLS-approximation fulfills the reproducing conditions by construction, so no
corrections are needed. To satisfy the linear reproducing conditions, linear base
functions p are chosen to be

pX)=(1 X Y ) VXe®? (2.88)
The MLS approximation is
M
un(X,t) =Y pr(X)ar(X,t) = p"(X;) a(X;) (2.89)
I=1

where M determines the size of the polynomial basis and with a chosen to
minimize the quadratic form
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N M 2
Ja(Xi) = > W(X-Xy, ho) <ZPI(XJ)TaI(Xat)U(XJ)>

1 I=1

J
5 T 5 5
- [PX)aX) - uX)] WX [PX)aX) - uX)]| 2.90)
where N denotes the number of neighbors where W (X) # 0 and with

u?(X) = (U(XI) u(Xs) ... u(XN))

nX) (X))  pu(Xa)
P(X) - D1 (XQ) p2(.X2) pM(.X2)
p1();(1v) pQ().A(N) pM(.)A(N)
W(X - X,) 0 0
0 W (X - Xy) 0
0 0 o WX = Xy)

Minimizing equation (Z90) with respect to a leads to

dd(a(X;))

alX) = —2PT(X) W(X) u(X)

+ 2PT(X) W(X) P(X) a(X) =0 (2.91)
Bringing the left term on the RHS, we obtain
PT(X) W(X) u(X) = P7(X) W(X) P(X) a(X) (2.92)
and solving for a gives finally

ax) = PT(X)WX)P'(X)PT(X) W(X) ulX) (2.93)

—AcRMxXM —BERMXN

With ([ZRJ), we can write the approximation as
(X, 8) = p(X) A~'(X) B(X) u(X) (2.94)

or in summation form

M

M
uP(X, 1) =D T ps(X) Ak (X) B (X) ur(X) (2.95)
J=1K=1I=1

~
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where the meshfree shape functions ®;(X) are

M M
(X)) =Y Y ps(X) A5 (X) Brs(X) (2.96)
J=1 K=1

Comparing the MLS approximation with the reproducing kernel particle method,
eq. ([ZZ0), we note that if V in eq. ([ZZ7) is equal to one, then both approxi-
mations are identical.

Example Let us illustrate the computation of the matrix

P11 PlN W1 0 P11 PMl
A(X) = : . : ST : . :
Py ... Puyn 0 Wx Pin ... Pun
for the case of M =1, i.e. the polynomial basis p(X) = 1. Then we obtain
Wy ... 0 1

AX)=[1 .. L] «+ -~ :
0 ... Wy 1

and the matrix A turns out to be a scalar value. It is easy to show that the
shape function with the basis p(x) = 1, will lead to the shape function

®/(X) = 72%5’2{) (2.97)
IeS

that is well known as Shepard function and was defined already in eq. (ZZI).

Let us consider the casdl of M = 3 with p(X) = [1 X Y]”, then the matrix
Ais

1 .. 1 Wi .. 0 1z
Y - YN 0 .. Wy 1 zny yn

The matrix A for this case is a 3 x 3 matrix. The higher the order of com-
pleteness, the higher will be the order of the matrix A and the higher is the
computational cost to determine the MLS shape functions.
Conditioning of the A-matrix

For the computation of the MLS-shape function, the matrix A has to be in-
verted. Since the matrix W(X) is non-singular, it can be assumed that A is
non-singular if P is non-singular. A necessary condition for a regular matrix A
is that the number of neighbors N is larger than size of the polynomial basis M.
For example, a linear complete basis in two dimension p(X) = [1 X Y] requires
at least three neighbor particles. For a linear complete polynomial basis and 3

4This corresponds to the two dimensional case with linear completeness
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3 b

Figure 2.6: Particle arrangement for a linear complete MLS shape function in
2D: a) singular A-matrix, b) regular A-matrix

neighboring particles in two dimensions (see figure EZf), it can be shown that
the matrix A becomes singular when the particles are lying on a line. It can be
shown that the matrix A is regular when the three nodes are located in differ-
ent coordinate directions, see figure This observation might be compared
to finite elements where the accuracy of the solution is detoriated for distorted
finite element shapes. The same observation is made in the extension to three
dimensions and for higher order polynomial basis.

A measurement of the conditioning of a matrix is the condition number
between the maximum and minimum eigenvalue of the matrix

K= Amaz (2.98)
)\min
High values of « indicate an ill-conditioned matrix. If x — oo, then the matrix
is singular. A shifting and centering of the shape function as will be described
later improves the conditioning of A. Another opportunity to improve the con-
ditioning of the matrix A is by Gram-Schmidt orthogonalization.

Spatial derivatives of the shape functions
The first derivatives of the MLS shape functions are obtained by simple differ-
entiation

+ pT(X) A*I(X)a];g) (2.99)
with
OB(X) _ P(A)6W(X) (2.100)
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To obtain the spatial partial derivatives of A=1(X), let us consider
I=A1X)A(X) (2.101)
Taking spatial derivative of eq. (ZII) we obtain

 OATH(X) 1, OA(X)
0= X, AX)+ A (X) X, (2.102)
Eq. I can be reformulated to
OA~1(X) 1o OA(X)
X, AT X AT
= A'(X) P(X)a\g)g()PT(X) A7YX)  (2.103)
The second partial derivatives are then
’eX) _ Ppt(X) ,
0X:0X; 0X,0X; AT (X) B(X)
opT(X) [0A~H(X) 1, 0B(X)
+ 2 X, X, B(X)+ A7 (X) X,

+ p'(X) (%ag) B(X)+ A7 (X) gx%ig + aAa_XEX) a];)(()j()>

o (24000200

(2.104)

Fast evaluation of the MLS shape functions
A fast evaluation procedure for the gradient of the shape function ®; can be
derived by rewriting eq. ([Z30):

®;(X) =v(X) - p(Xs) W(X = X, ho) (2.105)
with
A(X) - v(X) =p(X,) (2.106)

such that the coefficients v can be obtained by an LU decomposition and back-
substitution that requires fewer computations than inverting the matrix A.
Then the derivatives of the shape functions can be written as

VoA(X) - v(X) + A(X) - Vov(X) = Vop(X,y) (2.107)

Rearranging this equation, Vo~ (X) is obtained. The evaluation of the deriva-
tives of the shape functions requires little extra computer cost and, moreover,
higher order derivatives can also be computed repeating the same process.

MLS centered and scaled approach
For computational purposesﬁ, it is usual and preferable to center in X; and

5centering will improve the conditioning of the matrix A
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scale with hg also the polynomials involved in the definition of the meshfree

approximation functions. Thus, the EFG shape functions will read:

X;—X
ho

$(X) = W(X;,X) PT < ) ~(X), (2.108)

which is similar to (38). Recall also that typical expressions for the window
function are of the following type: W(Y,X) = W ((Y — X)/ho). The consis-
tency condition becomes in this case:

P(O):Z@I(X)P(XI_X) (2.109)

h
I1es 0

After substitution of [ZT08) in ZI0Y) the linear system of equations that de-
termines y(X) is obtained:

A(X) v(X) =P(0) (2.110)
where
AX) =) W(X,;,X)P" (%) P (%) (2.111)

Jes

For a varying dilation parameter hgz, ho; associated to particle X7, is embedded
in the definition of the weighting function:

(2.112)

WX, X)=W (Xf — X)

hor

Note that a constant hg is employed in the scaling of the polynomials P. The
constant value hg is typically chosen as the mean value of all the hg;. The con-
sistency condition in this case is also (ZI09). It also imposes the reproducibility
of the polynomials in P.

This centered expression for the EFG shape functions can also be obtained
with a discrete MLS development with the discrete centered scalar product

< foex=Y WX, X) [ <u> g <u) (2.113)

Jes ho ho

The MLS development, in this case is as follows: for fixed X, and for Z near X,

u is approximated as

Z-X
ho

uw(Z) ~u"(Z,X) = PT < > c(X) (2.114)

where c is obtained, as usual, through a least-squares fitting with the discrete
centered scalar product ZIT3).



40 CHAPTER 2. MESHFREE METHODS

SEA SR R

2
R o
e
T R
e
[ e e e T S e e e S
AN A
P e s A o
=

Figure 2.7: Absolute error of the quadratic function F(X,Y) = X2+Y? for the
a) SPH approximation (R = 0.8), b) MLS approximation (R = 0.3); R denotes
the support size of the shape function

2.5.4 Hp-clouds and PUFEM

While the approximations that were described previously are based on a so
called intrinsic basidfl, the hp-cloud method [E] uses a so called extrinsic basis
to increase the order of completeness:

L
u(X) =" 0, (X) <uJ + Y pr(X) a(,K> (2.115)
K=1

Jes

where ajx are additional degrees of freedom introduced in the variational for-
mulation. In contrast to the hp-cloud method, the Partition of Unity Finite
Element Method (PUFEM) uses generally finite element shape functions.

2.5.5 Generalized Finite Element Method (GFEM)

In GFEM [IE] different shape functions are used for the "usual" part of the
approximation and the extrinsically introduced additional degrees of freedom:

L
uh(X) =" 0s(X) us+ Y 25(X) Y pr(X) ask (2.116)

Jes Jes K=1

Note that GFEM, PUFEM as well as the hp-cloud method employ the partition
of unity concept. The enrichment in these methods is usually employed in the
entire domain. Therefore, these methods are often referred to as global partition
of unity methods.

6The order of completeness is increased by a higher polynomial basis
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T T T P

Figure 2.8: Absolute error of the derivative of the quadratic function F(X,Y) =
X? +Y? for the a) SPH approximation (R = 0.8), b) MLS approximation
(R = 0.3); R denotes the support size of the shape function

2.5.6 Examples

In this section, we will study the SPH-method, in usual and symmetrized form,
and the linear MLS approximation with respect to their ability to approximate
some given functions. A cubic B-spline with circular support is employed as
weighting function. We will look at regular as well as irregular particle arrange-
ments and restrict our studies to two dimensions.

Function approximation at regular particle arrangement

The function F(X,Y) = X2 +Y?

Consider a 25 x 25 regular particle arrangement with particle separation of
0.511. Figure Z7 shows the absolute error of the MLS approximation and the
SPH approximation where a support size R of R = 0.6 and R = 1.6 is chosen
for the MLS and SPH approximation, respectively. Note that a support size
of R = 0.6 corresponds to the minimum number of neighboring particles such
that the matrix A in the MLS approximation just remains regular. Note also
that the accuracy increases with increasing dilation parameter. i.e. support
size. So, even with a small dilation parameter, the error does not exceed 0.05%
for the MLS approximation while the error increases drastically with increasing
X and Y coordinates for the SPH approximation. The highest errors occur at
the boundary due to the lack of neighbor particles and at locations with high
gradients.

The spatial derivatives of the function F'in z-direction is Fx = 2X. The
absolute errors of the numerical approximation are shown in figure The
absolute error for the MLS approximation away from the boundary does not
exceed 0.005%. Also the error of the "usual" SPH approximation is with a
maximum error of 0.2% away from the boundary accurate. Inaccuracies occur
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at the boundaries.

The function F(X,Y) =sin (X? +Y?)

Let us consider a more complex function F' within the interval 0 < X < 7,
0<Yy < g The partial derivativeﬂ of the function F' in z-direction is shown
in figure ZOh. The particle separation is set to y/7/300 and the support size R
is set as in the last example. We will look only at the approximation of the first
derivatives since the derivatives are crucial in the applicatiion to partial differ-
ential equations (PDE). The absolute error of the numerical approximation is
shown in figure ZOb,c,d. The global absolute error of the MLS approximation
is 0.01 while the error of the standard SPH approximation is 0.42. A sym-
metrization is able to decrease the error of the SPH approximation to a value
of 0.12.

Finally, it can be concluded that the MLS approximation produces signifi-
cantly better results than the SPH approximation. However, for complex func-
tions, even the MLS approximation looses accuracy. The symmetrized SPH
version is able to reduce the error significantly.

Error evolution for the SPH method in two dimensions

Let us consider the error evolution of the partial derivatives of a quadratic func-
tion in az-direction. Therefore, we will consider a regular particle arrangement.
The particle volume is assumed to be V = d? where d is the particle separa-
tion. Furthermore, h is chosen such that only particle 2,4,6 and 8 are within
the domain of influence of particle 5 (figure EZI0), the particle under consider-
ation: d < h < v/2d. The standard SPH approximation of the derivatives in
x-direction of a function is given by:

N

ux(X) ==Y VoW x(X)uy (2.117)
J=1

where the minus in front of the sum results from the integration by parts that
is standard in SPH procedures. For particle 5, we obtain

U7X(X(5)) ==V (W7g2(5)u2 + Wy(;g))’tu + V[/v’(;‘%)u5 + VV,()?S)UG + W()S(S)US)

Since the z-coordinate of particle 2,5 and 8 are identical, W()Q(S) = W7§5) =

W(§5) = 0. Due to the symmetry condition of the kernel, the indices in W1’
can be exchanged that results in a change in the sign:

ux(X®)) =V, (W%’;“)M + Wg"f)us) (2.119)

Error evolution for quadratic function
Let us consider the function f(X) = aX? + bX + c¢. Since Y is constant for
particle 4 and 6, the argument in y-direction can be omitted. In figure ZT1] the

TF x =2X cos (X2 +Y?2)



43

2.5. SPECIFIC MESHFREE APPROXIMATIONS

o
s
)
‘g?
7
e
Zi
é/

o
2y
S

X0

S

A

‘Qﬂﬂﬂﬂf/f////ﬁfg

T Ty,

SO

QM&Q&V////////////////?1

AR AR

&#&@/////ﬂy//f#//.,

e8!
R
SRR
x5
X
L
3%

5
o
XX
<
2

55
K

2
¥
o8

X
23
5
S

L
pbtatat
LIRS
TATATS
S A

i

o,

‘.
&%

el

5
i

.
iy L
%

lt‘

oy
<7

,tzlnr'

¥
FEf T
I
i &
i,

it
o0

"""{’/ZI 7L
Ao 1
s

S T L LT

=

s
P

e
“v".:_’
s

S

o
2
s

W

e

b)
1.6);

+Y?).

X2

(

Absolute error of the derivative of the sinus function F(X,Y) = sin (X2 +Y?)

for the MLS approximation (R

sin

0.6); b) Absolute error of the derivative of the

sinus function F(X,Y) = sin (X? + Y?) for the SPH approximation (R

Figure 2.9: a) The derivative of the function F(X,Y)

Absolute error of the derivative of the sinus function F(X,Y) = sin (X2 +Y?)

for the symmetrized SPH approximation (R

1.6)



44 CHAPTER 2. MESHFREE METHODS

F 3
¥
e mm————
. § ™R B
5 -
F 3 ’-‘J k5 o
.# E
a # Zh ‘-.‘
i A
v
" [}
r (]
: i
L : 4 s 6 H
3 i i
L]
4 4
1 £
\ 4
[} - .
l‘ F]
N 5]
X 4
. o~
¥ el g ~8
= = = —
bl T ERER
-
la ol | v
¢ 3 L T gl I
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o, AW

Figure 2.11: Graphical representation of the function f(X) = aX?+bX +c and
the value of the shape function of the particles 4 and 6 for this approximation
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quadratic function f is shown in blue while the red curve shows the derivatives
of the cubic B-spline of particle 5 in a-direction. The value w of the derivatives
of the spline at the location of particle 4 and 6 are illustrated in green and
yellow, respectively. Note that w is assumed to be always positive. With eq.

EIT), we can write now
fx(XO) = vy (WO g+ WS fo)
-V [—w (a (@2 4+ b + c) +w (a ()2 4+ b2(® + c)}
= Vywla(@?+a)? - @ - d)?) +b (@O +d) - @ - d))]
- V;w(4adx(5)+2bd)
= 2V wd (2 az® + b) (2.120)

With the particle volume V; = d?, we obtain at least a linear function that
should be obtained by differentiation of the function f:

Fx(XD)y=2w & (2 a x4+ b) (2.121)
While the parameters a and b are given by the function f, the parameter d and
h can be variedd. The absolute error of the approximation can be given in terms

of d, h and zD

erraps(d, b)Y = 242D +b—2w(dh) d® (2a:c<”+b)

(2 azD 4 b) (1— 2 w(d, h)d®) (2.122)
The relative error is obtained by scaling with the analytical solution:

(2 a D +0) (1 -2 w(d, h)d®)
2azd) 4+ b
= 1-2w(d,h)d® (2.123)

errrer(d, h, :c(I))

To remove the error, the following condition holds:
1-2w(d,h)d*=0 < w(d,h)d =05 (2.124)

It is easy to show that there does not exist any pair of (d, h) that fulfills the
above condition. However, the best approximation is obtained for d/h = V2.
The relative error is 35%. Increasing the dilation parameter significantly im-
proves the results. With 28 neighoring particles, the error can be decreased to
0.2%. However, we omit an analytical consideration for that case.

Irregular particle arrangement

8Note that w in eq. ([ZIZI) depends on d and h
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Figure 2.12: Regular and irregular particle arrangements around particle 407
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Figure 2.13: Relative error of the gradient of the quadratic function F(X,Y) =
X2 +Y? for the SPH method for regular and irregular particle arrangements
(R =1.6)

To realize an irregular particle arrangement, the boundary particles are kept
on their original locations. The particles inside the domain were relocated ran-
domly with a deviation of 5% and 10% from their original position. The outcome
for one particle, that has the number 407, is shown in figure T2 the particles
within its domain of influence are illustrated. For the 10% deviation, an addi-
tional particle (number 333) is within the domain of influence of particle 407.
We will now consider again the quadratic function of section ZZf and look at
the error in the approximation of it’s derivatives.

The error of the usual SPH approximation is shown in figure for two
layers of particles, from particle number 401 to 425 (first layer) and 426 to 450
(second layer). Recall that we used a 25 x 25 = 625 particle discretization that
is numbered from 1 to 625. We note that the error is increased significantly
with the irregularity of the particle discretization. One reason might be the in-
sufficient assumption for the quadrature weights V; = d?. The error introduced
by this assumption can be maximal 21% since Vyew,s = (1.1d)* = 1.21 Vjy4,5.
However, since the approximation is based on a summation where the different
values can have different signs (due to the value of the kernel function), it is diffi-
cult to study the error of the approximation of the partial derivatives in general.
Therefore, let us consider one specific particle, number 407 (figure EZI2), that
has a large relative error of around 70% (figure ZT3)). Under the assumption of
equivalent particle volumes we can reformulate the derivative approximation by

(407)
% = VW (X) us (2.125)
I JEs
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The "volume-free" relative error is then calculated by

VoW (X) uy

Z VQW}((407) (X) e (2.126)
Kes
. . . oW (407 (x)
In figure ZTd all particles with the relative error —Z55—==> u; # 0 are shown

for the volume-free relative error for the case of a 10% particle location deviation
from the original configuration. The deviation from the original particle position
is illustrated as well. As can be seen from that figure, the particle position
deviation plays a minor role. The largest error occurs for particle number 432
with a relatively small deviation. Hence, the kernel approximation itself is
mainly responsible for the inaccurate approximation. Note that the relative
position of the neighboring particles with respect to the central particle, the
particle of interest, is crucial in the kernel approximation.

The error of the symmetrized SPH approximation is shown in figure EZT3
for the 5% and 10% deviation. We note that the symmetrization drastically
decreases the relative error. The relative error of the MLS approximation is
by far smaller compared to the SPH approximation for an irregular particle
arrangement, see figure 2210
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2.6 Governing equations

2.6.1 Statics

In statics, the governing equation is the equation of equilibrium given in the
total Lagrangian description for small strains by

Vo-P-b=0 VX e (2.127)

where P is the nominal stress tensor (note that P is the transpose of the first
Piola Kirchhoff (1PK) tensor), b are the body forces, X are the material co-
ordinates, V is the gradient operator with respect to the material coordinates
and g is the domain of the body in the initial configuration. The boundary

conditions are
uX,t) =u(X,t) on Iy (2.128)

no - P(X,t) =to(X,t) on T} (2.129)
where 1 and tg are the prescribed displacements and tractions, respectively and

rgUTh = Lo, (T4 N T}) = 0.

2.6.2 Dynamics

Neglecting thermomechanical and frictional forces, the conservation equations
in the total Lagrangian formulation are given by:

oJ =00 Jo (2.130)
L1
iu=—Vg-P+b on (2.131)
90
R T
ée=—F:P (2.132)
Qo

where J and Jy are the Jacobian determinant and initial Jacobian determinant,
respectively, u is the displacement vector, gy is the initial density, P are the
nominal stresses, b are the body forces per mass unit, e is the internal energy,
F = Vu+I denotes the deformation gradient where I is the second order identity
tensor and a superimposed dot denotes material time derivatives. Note that the
mass conservation equation is written in algebraic form since it is integrable for
a Lagrangian description.
The boundary conditions are:

u(X,t) = ulX,t) on Iy (2.133)
no-P(X,t) = to(X,t) on T} (2.134)

where @ and tg are the prescribed displacement and traction, respectively, ng
is the outward normal to the domain and T4 UT{ = T, (Ty NTE) = 0.
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2.6.3 From the strong form to the weak form

Let us consider at least C° test and trial functions:

Ut (X) = Y ®,(X) duy (2.135)
Jes

(X)) = ) Us(X)uy, (2.136)
Jes§

The test and trial functions belong to the following spaces:
vV = {u(,tu(,t)eH', u(,t)=ua(t)only,}
Vo = {ouffueH', su=0onTf,} (2.137)

The weak from of the linear momentum equation is obtained by multiplying
E&I3T) with test functions:

/VO-P~5uon+/ oo(b—1)-dudQy=0 (2.138)
QO QO

The first term on the RHS of the momentum equation can be transformed by
integration by parts

/ Vo -P-dudQy = / Vo (P-ou) dQo f/ (Vo ®5u)T : P dQy (2.139)
Q0 Qo Qo

The Gauss theorem applied on the first term of the right hand side of ([ZI39)
gives:

/ VO . (P . 5u) dQO = / ngp - P ju dro (2140)
QO FB
With the relation between stress vector and stress tensor t = ng - P we obtain
/ VO . (P . 511) dQO = / t-ou dFO (2141)
Qo F6

so that we finally obtain

/ (VO®5H)T:PdQQ—/ gob-éudQO—i—/ Eo-éudfo
Qo Qo

ry

+/ 0o du-1 dQg =0 (2.142)
Qo

2.7 Construction of specific meshfree methods

Let us consider the weak form of the linear momentum equationE, eq. (Z122).
Substituting the test and trial functions into the linear momentum equation

9The equilibrium equation could be considered as well, for example
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leads finally to the system of equations that we need to solvdd:

Zml.l iy = " — £, (2.143)
J

where £¢°¢ and fi"* are the external and the internal forces, given by

ffﬂ :/ 0o ©1 b dQy +/ ®; t dly (2.144)
Qg FB
fint :/ Vo®r - P df (2.145)
Qo
and
mi =y / 00 U1(X) ®;(X) dQp. (2.146)
Ies /o

The above mass matrix is the consistent mass matrix. To obtain the final dis-
crete equations, the integrals above have to be evaluated by numerical integra-
tion, that will be discussed in the following sections. Depending on the choice
of the shape function for the test and trial function, a large variety of meshfree
methods can be constructed. For example, if we choose ®;(X) = (X — X;),
then we will obtain a collocation method that is closely related to a Galerkin
method based on nodal integration. Differences occur only for the boundary
integrals. If we choose U ;(X) = ®;(X), then we obtain a Bubnov Galerkin
method. If ¥;(X) # ®;(X), we will obtain a Petrov Galkerin method.

2.8 Spatial integration

2.8.1 Nodal integration

An efficient discretization in a Galerkin method is by nodal integration:

f(X) dQ = Z fX) vy (2.147)
Qo Jes

where the weights V9 represent tributary volumes associated with particle .J.
Note that we used nodal integration previously to obtain the discrete SPH and
RKPM approximations in section ZZ5J] and Applying this technique e.g.
to the computation of the internal forces [ZTZH) gives:

£ =>"VP Vo®i(X,) - Py (2.148)
Jes

The nodal masses my are usually obtained by a Voronoi procedure, i.e. after
placement of the nodes, a triangulation is performed and the intersections of the

10For more details, see e.g. Belytschko et al. [i]
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perpendicular bisectors of the side on the triangles form the Voronoi cel]“, see
also figure ZTA The particle masses m; are then computed just by multiplying
the volume of the Voronoi cell V) with the density. Note that in general the
physical mass m; varies from the numerical mass m;;. However, it can be
shown that the physical mass is recovered by diagonalizing the consistent mass
matrix my; with a standard row-sum technique:

Z mry = Z/ 00 ©7(X) ¥ (X) dQp

Jes Jes§

/Q 0 ©1(X) (Z %(X)) dQ (2.149)

Jes

mr

With an at least zero-order complete approximation, eq. (ZI49) finally becomes
mr :/ 00 (I)[(X) dQO (2.150)
Qo

After nodal integration we obtain

mr=Y_os ®/(X) Vy (2.151)
Jes§

When the test functions are also at least zero-order complete, it is easy to verify
that after adding up all lumped masses, the total physical mass M of the body
is retained:

Niot Niot Niot
ZmIZZZQJ@I Vz—ZQJ(Z(I)I )V]—ZQJV]—
-1

I=1 Je8 Jes§ Jes§
(2.152)

Crucial is also how to consider and discretize the 'real’ geometric volume of a
body. It can be discretized with particles arranged as in figure EI7h where
the particles are inside the volume. No particles lie on the boundaries of the
body. The body can also be discretized as illustrated on figure EZT7b where
particles are placed exactly on the boundaries. For figure ZT7h, all masses are
equal. For the discretization in figure EZI7b, the boundary particles have only
half of the mass of the interior particles for a Voronoi method. The masses
of the particles at the corners are only a quarter of the masses of the interior
particles. The boundary integrals for natural boundary conditions (external
forces) (ZIZ4) differ for the two models as shown in figure ZTA When the
particles are located directly on the boundary, the value of the shape function
differs from when the particles are at a certain distance from the boundaries

(see figure EZTT).

11 Note that the volume of the Voronoi cell is the quadrature weight
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Figure 2.17: Value of the shape function for boundary particles lying directly
on the boundaries or inside the boundaries

2.8.2 Stabilized nodal integration

Nodal integration often leads to instabilities due to rank deficiency and to low
convergence rates. Chen et al. M] showed that the vanishing derivatives of
the meshfree shape functions at the particles are the cause of the instabilities.
They notice that linear complete meshfree methods have to satisfy the following
integration constraint

/ V@](X) dQ() = / Il()q)](X) dF() (2153)
Qo

To

This integration constraint comes from the equilibrium of the internal and ex-
ternal forces of the linear complete Galerkin approximation and is similar to the
linear completeness in the constant stress patch test in finite elements. Chen
et al. M] propose a stabilized conforming nodal integration using strain smooth-
ing. In the strain smoothing procedure, the nodal strains are computed as the
divergence of a spatial average of the strain field. The strain smoothing avoids
evaluating derivatives of the shape functions at the nodes and hence eliminates
defective modes. The smooth strain field € at a material point X,; can be
expressed as

E(XM):/Q E (X — X,y) d (2.154)

where € is the strain from the compatibility condition (€ = 0.5(w; ; + u;)), Qo
is the domain of the Voronoi cell and ¥(X — Xj/) is the smoothing function
that has to fulfill the following requirements:

(X -Xp)>0

/ U(X —Xp) dQp =1 (2.155)
Qo
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Figure 2.18: Arrangement of the stresspoints in two dimensions

Chen et al. [11] chose
1
\IJ(X - X]\/[) = A— VX]V[ S Q(), otherwise \I/(X - XM) =0 (2156)
M

where Ajy is the area of the smoothing (=Voronoi) cell. Substituting eq. ([ZI20)
into (ZI24), we obtain
1

E(XM) = —ZAM o (ui7j+uj,i) dQ()
0
1
= — iy + u; ng) dl 2.1
2AM - (u n; +u] n) 0 ( 57)

As can be seen, integration is performed along a surface (the surface of the
Voronoi cell) instead of a volume. It should be noted that the smoothed strain
field does not satisfy the compatibility relations with the displacement field at all
points in the discretized domain. However, the smooth, non-local strain and the
local strain can be considered as two independent fields- the non-local strain field
can be viewed as an assumed strain field. Thus, a two-field variational principle
is suitable for this approximation.

2.8.3 Stress-point integration

Stress point integration was proposed by Dyka and Ingel m] in one dimension
to stabilize the SPH method. Randles and Libersky [[13] extended stress point
integration to higher dimensions to stabilize the normalized form of SPH. Stress
point integration eliminates instabilities due to rank deficiency.

In stress point integration methods, stress points are interspersed between the
particles and the contributions of the stresses are added to the integration of

E12D):
FX)dQo= Y f7VIP Y fF VS (2.158)
Qo

JeENP JENS
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Figure 2.19: Scheme of stress point integration

where Np and Ng indicate the supporting original particles and stress point
nodes, respectively, to the original particle Xf. There are different ways for
arranging the stress points between the original particles. Some of them are
shown in figure EZI8 Note that all kinematic values such as displacements and
velocities are obtained via interpolation from the original particles:

uf =) es(X7P)uf,  vi=3) @s(XP) vl (2.159)
Jes§ Jes

where the superscripts S indicate stress points and the P the original particles.
®;(X¥) is the shape function of the supporting master node J at X7. The
internal forces for examples are calculated by

(= Y VI S (KE) B S VS (XS B (2.160)
JeNp JeNs

The volumes V¥ and V9 are computed from the Voronoi diagramm (see figure
J J
ET9) so that their sums results in the total geometric initial volume:

Vo= PP Y v (2.161)
JENP JENg

2.8.4 Gauss integration

There are two ways to construct a background mesh for the Gauss integration.
The background mesh can be aligned with the particles as shown in figure 2220h
or the background mesh is not aligned with the particles as illustrated in figure
EZb. In each integration cell, Gauss quadrature is performed. Note that in
Gauss quadrature a polynomial of degree 2ng —1 can be exactly integrated with
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ng quadrature point. However, exact integration is difficult to perform in
meshfree methods since meshfree shape functions are often not polynomial. It
is common to increase the number of quadrature points to reduce integration
errors. The number ng of Gauss points depends on the number of nodes in
a cell. The number of Gauss points can be given by numerical experiments
according to

ng = vm+2 (2.162)

where m denotes the number of nodes in one cell.
The integral of a function is given by

+1+1

£) d = [ [ f6m) det 386 dﬁdn—ZwaﬁJ ) det 38(&5)

Q
© 10

(2.163)
where £ = (£,n) are scaled local coordinates, m is the total number of quadra-
ture points, wy = w(§y) w(ny) are the quadrature weights which is the product

of the weight at the corresponding Gauss point in &- and 7n-direction and det b3
is the Jacobian determinant given by

3¢ = ag (2.164)

The internal forces are then

fine = Y wy detd®(€,) Vo®(X(€,) — Xp) P(€,)  (2165)

J=1

where the superscript P indicates the particle position.

Example: The EFG-method for elastostatics

Let us consider a Bubnov-Galerkin method in a static setting with EFG-shape
functions. Furthermore, we assume linear elastic material behavior, the hypoth-
esis of small strains and no geometric non-linearities. Then we can write the
equilibrium equation in variational formulation: find u € V such that

SW = 6Wipt — 6Wege = 0 Vou € H* (2.166)

where
SWiny = / (Vaou)' : P dQ (2.167)
Qo

12Example: For a 2D quadrilateral finite element with bilinear shape functions, we have a
maximum of quadratic terms for the shape functions plus linear terms for the Jacobian, i.e.
maximum cubic terms; so we need ng = 2 quadrature points. An 8-node quadrilateral will
require ng = 3 quadrature points since the highest polynomial is of order 5 (order 3 for the
shape function and order 2 for the Jacobian)
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Figure 2.20: Different ways of cell integration

du-tg dlg (2.168)

MWegt = / 00 ou-b dQg +
Qo F(t)

where
= {u(,t(,t) e H", u(,t)=1ut)only,}
(2.169)

v
= {dujdueH', Su=0onTy,}

Vo
After substituting the test and trial functions into eq. (ZIGH), the system of
equations reads:
K u = f! (2.170)
where K is the stiffness matrix
K;;= B; C'B; dQ (2.171)
Qo

with the following B-matrix (in two dimensions)

Or x 0
B;=| 0 &y (2.172)
Ory Prx

The external and body forces are given by

feot — / ®;(X) to dlo + / ®;(X) b dQ (2.173)
T

o Q0
Note that the test functions do not vanish at the boundaries and hence do not
allow for H! to be represented exactly. Hence, special techniques need to be

introduced to handle essential boundary conditions.
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2.9 Essential boundary conditions

2.9.1 Lagrange multiplier method

Essential boundary conditions can be imposed by means of Lagrange multiplier
method. Therefore, we modify the variational formulation given in the last
section: find u € V such that

W = 6Wint — 0Wezt — 0W, = 0 Vu € H* (2.174)

where
SWiny = / (Vedu)' : P dQ (2.175)

Qo\I'§
5Wext = / ) éu-b on +/ ou - Eo dFO (2176)
Qo\Ig ry
where
Vo= {u(~,t)|u(-,t) € :}Cla u('at) = ﬁ(t) on Fga}

Vo = {duldueH', Su=0onTy,} (2.177)

The term §W,, in eq. ([IZ4) is introduced for the imposition of Dirichlet bound-
ary conditions. With the Lagrange multiplier method, dW,, reads:

oW, = / O - (u — ﬁ) dly +/ ou dl'y (2.178)
ro Lo

where A are the Lagrange multipliers that can be considered as tractions across
the boundaries. As for the approximation of the test and trial functions, there
are several ways to discretize the Lagrange multiplier field:

A=) 5HX) Ay (2.179)
Jes§

where ®Z(X) are the approximation functions for the Lagrange multipliers that
can be finite element shape functions, meshfree shape functions or Dirac Delta
functions. The resulting discrete form reads then

s v (=05 a0

where K = K is the stiffness matrix given above,

Grx = —/F ®;(X) L (X) S dr (2.181)

and
ax = —/ oL (X) S adl (2.182)
N

u

where S is a 2 x 2 matrix with S;; equal to 1 for j = ¢ and 0 otherwise. The
disadvantages of using Lagrange multipliers are:
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e The dimension of the resulting system of equations is increased.

e The global matrix is no longer positive definite even if K is symmetric and
semi-positive definite.

e The final discrete system and the weak form problem induce a saddle point
problem which precludes an arbitrary choice of the interpolation/approx-
imation space for u and A. The resolution of the multiplier field must be
fine enough in order to obtain an acceptable solution, but the system of
equations will be singular if the resolution of Lagrange multipliers field
is too fine. In fact, the interpolation spaces for the Lagrange multiplier
and the principal unknown u must verify an inf — sup condtion, known
as Babuska-Brezzi stability condition, in order to ensure the convergence
of the approximation. While in finite elements, it is trivial to chose the
approximation for the Lagrange multiplier to verify the Babuska-Brezzi
condition, this choice is not trivial in meshfree methods.

Example
For simplicity, let us consider the following problem: find the minimum of the
function II with constrained conditions:

I = 2a% — 2ajas + a3 + 18a; + 6ay (2.183)

with constraint
a1 = ag (2184)
This problem is solved by introducing a Lagrange multiplier A as new unknown

ﬁ:H—i—)\(al—ag)

) ) (2.185)
= 2a} — 2a1az + a3 + 18a1 + 6az + N(a1 — az)
Differentiation with respect to three unknowns a; and A gives:
o ot o
) == = —— =90 2.186
80,1 8@2 o\ ( )

The solution of the above equations gives us values for aq, as and .

a1 =as=—-12 A=6

2.9.2 Penalty method

In the penalty method, a different 61, is used as compared to the previous
section:

W, = 0.5p/ |lu — al|*dly (2.187)
ro

where p is the penalty parameter that has to be specified by the user. A high
penalty number will lead to a more accurate solution since in the penalty method
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the imposed boundary condition is not exact. However, a high penalty num-
ber also leads to an ill conditioned global stiffness matrix. The advantage of
the penalty method is that the dimension of the resulting system of equations
remains unchanged.

Another alternative is the augmented Lagrange method that combines the
Lagrange multiplier and penalty method and will be discussed in section

2.9.3 Transformation method

Let us consider the approximation:

WE

ul(x) = Op(xy)ir (2.188)

I=1

where u”(x) is actually displacement at particle x; whereas i are fictitious
values since the meshfree shape functions do not satisfy the Kronecker delta
property. With IV particles in the entire domain, we have IV equations that can
be given in matrix form by

u=Di (2.189)

Noting that the size of matrix D is N x N. Since the essential boundary condi-
tions are imposed over the true displacement not over the fictitious parameters
1, it is natural to eliminate them by the relation @ = D~'u. Hence, we have
the transformed approximation written in terms of true nodal displacement

n

ul(x) =Y ®r(x)Djjur (2.190)
I=1

Now, the essential boundary conditions can be applied directly. However, this
method requires the inversion of a matrix of size N x IV which is computationally
too expensive. Hence, let us consider separately the boundary nodes on I'* from
the interior nodes. The number of interior particles is denoted by Ng and the
number of particles on the essential boundary I'* as Np.. We can write the
approximation as follows

Nq Nru
uP(x) =D @r(xp)iir? + > Br(xg)irt (2.191)
I=1 I=1

Along I'*, the prescribed displacement is imposed by

U(XJ) - g(XJ)a J = 1, "'7NF” (2192)

which is rewritten in matrix form

D%a + DMa™ = g (2.193)
—— —— R ,
(NruxNq)(Nax1)  (NpuxNpu)(Npux1) (Npu x1)



62 CHAPTER 2. MESHFREE METHODS

Eliminating @' from the above equation, we have

o = {DFU} " (g - D%9) (2.194)

and get the transformed meshless approximation

Nq Nru
W0 = Doy + Y @) (D551 M or - DR (2199
I=1 I=1

After rearranging, the final form of the new approximation reads

Nq Nru
() = Y (100 - #1GOIDES DR Jur + 3 DT g (2190
=1 I=1

2.10 Coupling to finite elements

2.10.1 Coupling via ramp functions

° o o
* o
o
o
°
particle domain
QF particle boundary
FP
--@------ *------ - *-<--- .-
blending region 27
,J‘\ |
d emer%t‘ It%obmdary
el en}ggl domain
Q
O FE node
® particle

Figure 2.21: Coupling of Finite Elements and Particles via ramp functions

Consider a domain of problem with a hybrid discretization between finite
elements and particles as illustrated in figure 2211 The transition region is
designates by QF, QF denotes the particle domain and QFF is the element
domain. The element and particle boundary is T'*'¥ and I'”, respectively. In
the interface region, an approximation is given by:

u" =ufF(X) + R(X) (u"(X)-u"F(X)) , XeQp (2.197)
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where u’? and u” are the finite element and particle approximations for u in

the transition region and R(X) is a ramp function, so that R(X) = 1,X € T'
and R(X) = 0,X € T'f'F_ Tt is constructed with the use of a linear ramp function
along the interface element boundaries so that continuity is ensured:

R(X) =3 r%(X) -2 r3(X) (2.198)
with
r(X)= Y NyX) (2.199)
JeSLp

where Spr is the set of nodes on I''. Substituting the FE approximations and
the meshfree approximation into eq. ([ZI99) the approximation in the transition
region is obtained:

u'(X) =Y N(X)u; , X;e0” (2.200)
I
with the interface shape function

Ni(X) = (1 - R(X)) N7(£(X)) + R(X) Ni(X) X € 0P (2.201)

Ni(X) = R(X) Ni(X) X¢QF (2.202)

Linear completeness is preserved in the entire domain. If the integrals for the
particles are evaluated by a nodal integration with stress points, the shape
functions in the blending domain have only to be evaluated at the particle

boundary I'” and element boundary I'*# and are reduced to:
Ni(X) = N;(X) XeQP onTHF (2.203)
N/(X)=0 X ¢QF onF¥ (2.204)
N(X)=NX) X¢ QB on1? (2.205)

since R(X) =1 on I'” and R(X) = 0 on I'!'#. The approximation of the test
functions in the blending region have the same structure.

2.10.2 Coupling with Lagrange multipliers

The particle and finite element domain can also be coupled by use of Lagrange
multipliers. For the static case, the potential to be minimized is

W=wmnt —wet p AT g (2.206)

where Wt is the internal and W¢*? is the external energy. The last term on
the RHS are the constraints. The Lagrange multipliers are denoted by A and
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Figure 2.22: Coupling of particle and finite elements

g = uf? — u” is the gap of the particle and the finite element domain along

the common boundary as illustrated in figure Z2Z2A The Lagrange multipliers
are located at the particle positions and are

N

gn =Y NiPX t)ul? -y NJ(X,t) uf (2.207)
J=1 Jes

The Lagrange multiplier estimates are placed at the particle position and finite

element shape functions are used to discretize the Lagrange multiplier field dA:

N
SAL (X, t) =Y NJF(X,t) 6A,(t) (2.208)

J=1
Note that for the interpolation in eq. ([ZZF), the position of the Lagrange
multipliers in the local element coordinate syste has to be known. If the
global position X’ of the Lagrange multiplier is known then the local position
can simply be obtained by solving X* = &;(£)X; with respect to the local
coordinates €. The test and trial functions are

N
Jun(X,t) = > NJFEX,t) oulE(t) + > NJ(X,t) ouf(t) (2.209)
J=1 Jes§
N
w(X,t) =Y NJEX ) ufP(t) + ) NJ (X t) uf () (2.210)
J=1 Jes§

and
NFEX t)=0V X € QF
NP(X,t)=0V X ecQfF (2.211)

where § is the set of nodes in the particle model. Minimizing eq. [ZZ06) with
respect to u and A leads to the following equations:

oW  gwWint  gpyeat og .. og

- - _:fznt_fe:ct ZS _

ou ou ou +/\8u +/\8u 0
ow
— =g = 2.212
o —8=0 ( )

130n the boundary
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The derivatives of W and We®* with respect to u are the internal and external
forces, respectively:

fint = / (Vo ®ou)T : P dQy (2.213)
QPUQEE

fert — / ou-b dQy + / ou - {Zo dl’y (2214)
Qfualf® rgturg #

The additional forces A % are linear combinations of the Lagrange multipliers.
To obtain the discrete system of nonlinear equations we will do a linearization.
Therefore, we take a Taylor series expansion of eq. ([ZZI2) neglecting any higher
order terms:

) ag afint afezt ag a2g
= fint_gert 4 N_2 Au — A — AN+ A
0 + Ju + ou " ou ut Ju + Judu

Jg
— A 2.21
u—+ I u ( 5)

Au

o
I

Substituting the test and trial functions into [ZZIH) we finally obtain the fol-
lowing system of equations:

2 T 7
KFE +A6(?18gu 0 ] (KFE*FE)T Allf;E
o T krage e ||
KFE-FE (KFE—P)T 0 AA
fext,FE _ gint,FE _ AT KFE-FE
— fevt,P _ gint,P _ \T KFE-P (2.216)
-8

where KF'E=FE and KPP~ denotes the derivatives of g with respect to u for
the finite element (uf"”) and particle domain (u”’), respectively and K*# and
K7 are the derivatives of the internal and external forces with respect to u. If
neither b nor the traction boundary conditions t depend on u, then we can give
the matrices:

KFE-FE _ / (NFE)T.NFE Ty
L3
KFE—P _ 7\/ (NFE)TNP dFO
L3
K’ = /P (BP)" C B” dq
QO
KF'P = (BF2)" ¢ BF” dq, (2.217)
QrE
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and the vectors for internal and external forces

pertie / (NFEY b dy + / (NFF)" & dly
Q[};E FE,t

i
fext,P _ /P (NP)T b dQ +/P (NP)T‘EQ dl'y
975 ryt
fintFE - — /QFE (BE)" . P dq,
0
finbP = / (BF)" - P dqy, (2.218)
Q5

For a linear problem in elastostatics, we have a linear stiffness matrix K, the
2

starting value is zero, i.e. Au = u and AX = X and the term 8auagu vanishes

for linear constraint. Hence we obtain the well-known discrete equations for a

linear problem in elastostatics:

KFE 0 (KFE—FE)T 7 u?E
0 K” (KFE-P)T ~ u?
KFE-FE (KFLLP)T 0 | A
fext,FE 7
= fext. P (2.219)
-8

2.10.3 Bridging domain coupling method

We denote the complete domain in the initial configuration by €y and its bound-
aries by I'g ; [ consists of traction boundaries I'y and the displacement bound-
aries I'§. The domains are subdivided into the subdomains treated by finite
element methods, Qf'7, and that treated by particle methods, Qf’; the latter
is the domain encompassed by the particles of the model. The intersection of
these two domains is denoted by Q** in the initial configuration, Q™ in the
current configuration; Qs often called the overlapping subdomain (or bridg-
ing domain); I'§ denotes the edge of the finite element domain; an example of
a model is shown in figure 2223

In expressing the total internal potential energy of the system, we employ a
scaling parameter « in the overlapping subdomain. The parameter « is defined
as a = % where [(X) is the least square of the projection of X onto I'§ as
shown in figure The scaling parameter « is unity at the edge of the finite
element domain and vanishes at the other edge of Qi"; it is important that
Qi includes the last line of particles. In the absence of heat transmission, the
conservation of energy of governing equations in the entire domain is:

wint — /QFE 5FEFT-Png“E+/Q BPET . PAQl (2.220)
0

P
0
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Figure 2.23: Finite element model coupled with particle method

where the scaling multiplier field (3 is defined as

0 in QF
prE(X) = l—a in Qyt (2.221)
1 in QFF — Qi
0 in QgE
a in Qi (2.222)
1 in QF —Qit

pr(X) =
The external energy is:
west = / BEE pob - udQEF + / B pob - udQf
+ / BGFEY - udrt® +/ Brt - udry (2.223)
rEe re

In Q4" the displacements can be approximated in the terms of finite element
shape functions N;(X) or meshfree functions w;(X), respectively, by:

u (X)) = Y N(X)ufF(t) (2.224)
I

u”(X,t) > wi(X)ur () (2.225)
I

Therefore, the constraints condition in Q7** at the discrete position of particles
are

gr = {gir} = {ufi” —uf}} = {Z NyuflF — Zwmuf}} (2.226)
7 K
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The Lagrange multiplier field is also expressed in terms of shape functions de-
noted by A;(X):

XX, 1) =D Ar(X)Nir(t) (2.227)
I

Generally, the shape functions for the Lagrange multiplier field A;(X) will differ
from that for the displacement, N;(X) or w;(X), and they must satisfy the
Babuska Brezzi conditions. The Lagrange multiplier field is usually represented
by inserting finite elements in the intersection domain and the finite element
approximation is applied on the particles of the overlapping subdomain. To
distinguish the Lagrange multiplier field )\; in eq. ZZZ7), \;; is denoted as the
unknown Lagrange multiplier at the Lagrange multiplier nodes.
Discrete Equations
The energy function for the augmented Lagrangian method is

; . 1
War =Wt —wert 4 \Tg + §png (2.228)
where p is the penalty parameter. If p = 0, eq. Z2ZZ8) will be identical to
the expression of the energy function for the Lagrange multiplier method. The
discrete equations are then obtained by setting the derivatives of Wy with
respect to uy and A; to zero. This gives

aWAL int ext -~
ulP = (Fi" = Ff )+XL: ;AKL)\K Nrir
+ pz l(z Ngrubf — ZwKL“Z(> NIL} =0 (2.229)
L K K
aWAL int ext -~
8u5 = ("= i) - XL: ;AKL)\K wrp,
L K K
ow.
VAL _ ZA[L ZNKLuf;? — ZwKL“Z( =0 (2.231)
O\ir — - —
where
Nir=Nk(X1) Axr=Ax(Xr) (2.232)

Fi*t and F¢** are internal and external force in the finite element subdomain
QFF and they are expressed as:

Pt o= [ BRENG(X)P(X)d0) (2.233)
QO

Fort = / . BEE N1 (X)pobidQEF + / BEE Np(X)t,dT} (2.234)
QO

r



2.10. COUPLING TO FINITE ELEMENTS 69

and £ and f*! are internal and external force in the particle subdomain Qf
given by

gt — / B w5 (X)P(X)d0f (2.235)
QU

£t = / BF wr(X)pobidQd + | BF wi(X)t;dTY (2.236)
of rg

Letting d denote the array of u, the increments in the internal nodal force can
be approximated in terms of increments in the nodal displacement by stiffness
matrices:

AF = ZK?FAU?E or AF™ = KFFAQFE (2.237)

J
Afi"t = 3N K[Auf or Af™ =KPAd” (2.238)
J

where KI'F and K” are tangent stiffness matrices given by

Ky Ky OFit
K'? = . Kff:auﬁiE (2.239)
K7
i K}le K}f}
Ky Koy ofint
K’ = _ KFP, = Lo (2.240)
- ou?
Ky
N de:{ugi} ar= 4 df:{ui‘zf}
uy[ uy[
dre d;,
(2.241)

The system can then be written as

A11 A12 LFET AdFE 7rFE
Ay Ay LPT AdP b =8 —rP (2.242)
LFE  LP 0 A -g

If we let d; denote ugp and d; denote g, the ingredients of eq. [Z242) can be
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expressed as:

I‘FE _ Fint _ Fe;ct T )\TGFE +pgTGFE (2243)
I‘P _ fint _femt +)\TGP +pgTGP (2-244)
g = {9a}= {ZAIKgiK} (2.245)
K

An = KIP4pGFrPiGre (2.246)
A = pGFETGP (2.247)
Ay = pGPTGFE (2.248)
As = KP4paP'aP (2.249)
(2.250)

i = ZAK(XI)EK
K

aFint 8Fj”t B
K= {adFE} - aul}éE = l - ﬂFEN[,jCjilkNQ,deg‘E]Q.QE)l)
afil’lt a Znt .
K = |:—adp] = laué?‘| = l or ﬁPwI,jCﬁlka,deg (2.252)
- O81 951
FE _ B ;
L = ;AJLaleE] = ;AILE)dZFE]
- gL,
- ZL:A’L 0u£§] - ZL:AILNPI%] (2.253)
r 8gL 8g-L agL
LY = Arp——=| = A j _ A
= ZA[prjgjk‘| (2254)
L L
agf 89[
¢ = [adFE] - [aub{E] = [Nprdj] (2.255)
i kP
agf 691
" = |28 = [oo] = trurisal
i kP



Chapter 3

Kinematics of strong and
weak discontinuities

A jump in the displacement field is referred to as strong discontinuity. A typical
strong discontinuity is a crack. Let us consider an infinite bar with a crack in
one dimension, figure Bl A linear displacement field adjacent to the crack is
assumed. Hence, the strain field will be constant.

Let us consider now the two dimensional case as shown in figure B22h. The
strong discontinuity is denoted by ¢ and shown in the initial configuration. The
discontinuity in the displacement is often considered in the initial configuration
where the two opposite crack surfaces coincide in one line. In the current con-
figuration, the two crack surfaces won’t coincide. The displacement field of the
one side of the crack can be completely different as the displacement field on
the opposite side of the crack, even in slope and orientation. The kinematics of
the strong discontinuity is given by

u(x,t) = u+ Hs[a](x,t) (3.1)

where u is the displacement field, the superimposed dot denotes time derivative,
V spatial derivatives with respect to spatial coordinates x, t is the time, r and
s are local coordinates, Hg is the Heaviside function acting on the disconti-
nuity interface and dg is the Dirac delta function also acting on S. With the
compatibility condition and eq. (B, the strain rate field can be expressed by

. . . s
e(x,t) = Vi = Vi + HgVS[d] + 0s ([[ﬁ]] ® n) (3.2)
A weak discontinuity is a jump in the strain field as shown in figure B2Zb. It
occurs e.g. at material interfaces. It is not well suited to describe the kinematics

of a crack. The domain € is split by a discontinuity interface S into Q7 and
Q~. The kinematics of the weak discontinuity can then be described by

u(x, t) =t + Hon (r, £)[&] (5, ) (3.3)

71
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crack

Displacement
[[u]]=u*-wr

L Strain

Figure 3.1: Cracking of a one-dimensional bar with corresponding crack kine-
matics

! # 5[l @nf

[[z]]

ﬂ u £ [[ull©nf
] (] ’

‘¢’ denotes the crack

Figure 3.2: Kinematics for a) weak discontinuity, b) strong discontinuity
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where Hqn denotes the ramp function defined by

0xeN \Qr
Hon ={ 1xeQt\Q" (3.4)
= xe
Formal differentiation gives:
é(x,t) = Vo = V3a + Hqn VO[u] + VHq 1] (3.5)

where V denotes spatial derivatives with respect to the local coordinate s. The
derivatives of Hgr with respect to the local coordinate system (in s-direction)
are:

V Hepn (3.6)

n
- h(r)
where h(r) is the thickness of the localization band and n is the (unit) normal to
the discontinuity interface; note that h = s™ — s is the width of the localization
band. Defining the collocation function a that is 1 if X € Q" and 0 otherwise,
we obtain:

E(x,t) = VS = Vi + Hon VS[d] + % ([[ﬁ]] ®n)s (3.7)

Note, that the kinematics described by eqs. [B3) and B are independent of
the discretization.
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Chapter 4

Strong discontinuities in
meshfree methods

4.1 A historical overview

4.1.1 The visibility criterion

The visibility method was the first approach that introduced a strong discontinu-
ity into a meshfree discretization. In the visibility method, the crack boundary
is considered to be opaque. Thus, the displacement discontinuity is modeled by
excluding the particles on the opposite side of the crack in the approximation
of the displacement field, see figure Bl

Difficulties arise for particles close to the crack tip since undesired interior
discontinuities occur (figure E2h) since the shape function is cut abruptly, see
figure ETl Nevertheless, Krysl and Belytschko M] showed convergence for the
visibility method. For the practical important case of linear complete EFG
shape functions, they even showed that the convergence rate is not affected by
the discontinuity.

It should also be noted that the visibility criterion leads to discontinuities
in shape functions near non-convex boundaries such as kinks, crack edges and
holes, as shown in figure in two dimensions.

4.1.2 The diffraction criterion

The diffraction method is an improvement of the visibility method. It removes
the undesired interior discontinuities, see figure (see also figure EI)) and
the diffraction method is also suitable for non-convex crack boundaries. The
method is motivated by the way light diffracts around a sharp corner but the
equations used in constructing the domain of influence and the weight function
bear almost no relationship to the equation of diffraction. The method is only
applicable to radial kernel functions with a single parameter hjg.

75
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Transparency criterion

Figure 4.1: Principle of the visibilty, diffraction and transparency method with
corresponding shape functions, from Belytschko et al. [E]
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Figure 4.2: a) Undesired introduced discontinuities by the visibility method, b)
Difficulties with the visibility method for concave boundaries and kinks
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Figure 4.3: The diffraction method
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The idea of the diffraction method is to treat the crack as opaque but to
evaluate the length of the ray hg by a path which passes around the corner of
the discontinuity. This removes the abrupt cut of the shape function to zero
across the undesired interior discontinuity. A typical weight function is shown
in figure 1l The weight parameter hyg is computed by

(XN
o) = (M2 ) ) (4.1
where
0(X) = X=X
s1 = [|Xe =Xy
2(X) = XX (42

The parameter A is usually set between one and two and adjusts the distance of
the support on the opposite side of the crack. For a better illustration, see also
figure 3 It should be noted that the shape function of the diffraction method
is quite complex with several areas of rapidly varying derivatives that compli-
cates quadrature of the discrete Galerkin form. Moreover, the extension of the
diffraction method into three dimensions is complex. The corrected shape func-
tions are obtained by substituting the modified dilation parameter hq into the
corresponding kernel function. For the use in a Galerkin formulation, the spatial
derivatives of the shape functions are needed. This requires the derivatives of
the kernel function:

oW OW dhor

0X;  Ohor 0X; (4.3)

The first term on the right hand side is unchanged and the second term is

Ohor B S1 +82(X) Al 0589 B S1 +52(X) A 0sp
oxX; A < s0(X) 0X; A=A s50(X) 0X; (4.4)
with
95y _ X - X
8X - SQ(X)
880 - X — X[
X s0(X) (45)

4.1.3 The transparency criterion

The transparency method was developed as an alternative to the diffraction
method by Organ et al. [lﬂ] The transparency method is easier extendable into
three dimensions than the diffraction method. In the transparency method, the
crack is made transparent near the crack tip. The degree of transparency is
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crack

Figure 4.4: The transparency method
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related to the distance from the crack tip to the point of intersection, see figure
Ea

Consider a ray from the evaluation point X to the node Xy, figure 4l The
dilation parameter hg; is modified as follows when the ray intersects the crack:

Sc

A
hor = So(X) + honr <&> , A>2 (46)

where so(X) is defined in eq. @Z), hyp,r is the radius of the nodal support 8;
and s.(X) is the distance from the crack tip to the intersection point, figure
E4 The parameter 5. = kh sets the intersection distance at which the crack
segment is completely opaque where x is used to vary the opacity and h is a
measure of nodal spacing. Note that the additional term in eq. (@) is at least
quadratic so that the weight function derivatives will be continuous.

An additional requirement is usually imposed for particles close to the crack.
Since the angle between the crack and the ray from the node to the crack tip is
small, a sharp gradient in the weight function across the line ahead of the crack
is introduced. In order to reduce this effect, Organ et al. [lﬂ] imposed that all
nodes have a minimum distance from the crack surface. The spatial derivatives
are obtained by formal differentiation:

Ohor 05 s) 1 Os..
ax — x M ek (4.7)
where we can write
90 _ X=Xy
880 - - Xb — Xc
X, ~ cos(f) = 5o (X)
05, . Y, - Y.
= - = 4.
X, sin(6) 52(X) (4.8)

where 6 is the angle between the crack and the x-axis. The weight function of
the transparency method looks similar to the one of the diffraction method and
is illustrated in figure EJ1

4.1.4 The see-through and continuous line criterion

The "see-through" method was proposed by Terry M] for constructing continu-
ous approximations near non-convex boundaries. Therefore, the boundary was
considered as completely transparent such that the discontinuity is removed.
Though the "see-through" method works well for capturing features such as
interior holes, it is not well suited to model strong discontinuities.

In the continuous line method from Krysl and Belytschko [lﬂ] and Duarte
and Oden E], the crack is completely transparent at the crack tip. In other
words, particles whose domain of influence are partially cut by the crack, can see
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Figure 4.5: Domain of influence near a wedge-shaped non-convex boundary.
The boundaryis enforced if n4 - n? < 3

through the crack. This drastically shortens the crack. If no special techniques
are introduced, the crack also does not close at the crack tip that leads to
inaccurate solutions.

4.1.5 Mixed criteria

Belytschko and Fleming M] suggested to combine different methods depending
on the convexity of the crack boundary e.g. to use the visibility for convex
boundaries and other methods for non-convex crack boundaries. They suggest
a criterion based on the angle of the wedge that can be written in terms of the
surface normal, see figure When n? - nf < 3 with 8 = 0° as cutoff value,
the boundary can be considered as convex, otherwise non-convex. The cutoff
value of B = 0° corresponds to the wedge angle of w = 90° in figure

4.2 The concept of enrichment

There are basically two ways of enriching an approximation: an intrinsic en-
richment and an extrinsic enrichment. The principal is basically equivalent to
the principal of increasing the order of completeness that can be achieved also
intrinsically or extrinsically. However, the enrichment is aimed to increase the
accuracy of the approximation by including information of the analytical solu-
tion. The concept of enrichment will be outlined for a strong discontinuity in
two dimensions, i.e. for a crack in linear elastic fracture mechanics (LEFM).
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Figure 4.6: Definitions for the crack tip enrichment

Therefore, we will briefly describe the analytical solution of the near crack tip
field in LEFM in the next section. In the following section, we will discuss the
different enrichments.

4.2.1 Introduction into LEFM

In LEFM, the asymptotic near crack tip displacement field in two dimensions
is given by

o= 2o (K1QHO) + KniQl(0)
ur = o (KIQH6) + KnQh(9) (4.9

where G is the shear modulus, r and € are explained in figure EE8 and

Q1O = K- cosg + sinf sing
5 .0 6
Q70) = k+ sing + sinf cos
1 .0 6
Q0 = K+ sing + sinf cos
2 e ., .0
Q70 = k- cosy — sinf sing (4.10)

are the angular functions for LEFM, K and K;; are the mode-I and mode-II
stress intensity factors (SIF) where k = (3 — v)/(1 + v) for plane stress and
k = (3 — 4v) for plane strain is the kolosov constant. Using trigonometric
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identities, it can be shown that the basis, given by

p"(X) = [V sin(0/2), /r cos(6/2), /1 sin(6/2)sin(6), v/r cos(6/2)sin(6)]
(4.11)
spans the LEFM crack-tip displacement field in eq. ([EJ). The angular functions
p = [B1, Be, B3, By] are illustrated in figure L7
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Figure 4.7: Branch enrichment functions

4.2.2 Intrinsic enrichment

Let us consider the EFG method with MLS basis function p. The intrinsic
enrichment is realized by introducing the asymptotic near-tip displacement field
of the Westergaard solution into p:

0 0 0 0
pl(X)=|1,X,Y,\/r sini, NG cos, NG singsin(Q), N cosgsin(Q) (4.12)
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where 7 is the radial distance to the crack tip and 6 the angle to the crack (or its
virtual extension), see figure Note that the linear terms are not related to
the asymptotic near crack tip displacement field and can be replaced by higher
order polynomials.

Recalling the EFG shape functions
©;(X) =p(X)" - AX)" - ps (X)W (X ~ X, h)

AX) = ps(X) pj(X)W(X —X,,h)
Jes

the additional computational cost introduced by the intrinsic enrichment be-
comes obvious. Moreover, the moment matrix A becomes ill conditioned. The
size of the domain of influence has to be enlarged to guarantee the regularity
of A. Though this ill-conditioning does not affect the final solution, it is quite
troublesome. By diagonalizing A with a Gram-Schmidt orthogonalization, the
regularity of the moment matrix can be drastically improved but leads to more
complex shape functions. Moreover, interior discontinuities will be introduced
if the intrinsic basis is not employed in the entire body of consideration. There-
fore, Fleming et al. m] proposed a procedure to blend nodes with different basis
in a certain transition region, see figure The approximation is written by

u"(X) = R u"(X) + (1 — R) u"™(X) (4.13)

where u®""(X) is the enriched approximation, u is the linear approximation
and R is a ramp function that is 1 on the enriched boundary of the coupling
domain and 0 on the linear boundary of the coupling domain. This is the only
requirement imposed on R. Belytschko and Fleming [lﬂ] suggested to choose
R=1-¢or R=1-10& + 15¢* — 6£° with £ = (r — r1)(ro — 1) (see figure
ER). The final approximation then reads

(X, t) = > uy(t) 2s(X) (4.14)
Jes
with
®;(X) = R ®"(X) + (1 — R)®4™(X) (4.15)

where the shape functions ®5""(X) and ®%" (X)) are formed by the enriched and
linear basis, respectively. This blending ensures continuity in the displacement
field. However, in case for linear blending, i.e. R =1 — ¢, discontinuities in the
strain field occur.

4.2.3 Extrinsic enrichment
Extrinsic MLS-enrichment

In the MLS extrinsic enrichment, the near crack tip asymptotic field of LEFM
is as follows:

ne

u(X,0) =) p(X)T aX.t) + Y (b QF (Xr) + iy Q(Xr))  (4.16)
Jes K=1



4.2. THE CONCEPT OF ENRICHMENT
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Figure 4.8: Coupling between enriched and linear approximations
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where n. is the number of cracks in the model, u” is the approximation of u,
p is the usual polynomial basis of n — th order completeness and k; and kj;
are additional degrees of freedom associated with mode-I fracture and mode-II
fracture. Note that k; and kj;; physically indicate the stress intensity factors
(SIF). They can be used as approximate SIFs that can be obtained by directly
solving the system of equations without considering the J-integral.

As for the standard MLS approximation, the coefficients a are determined
by minimizing the weighted discrete L, error norm

2
1 s
a=> 5 (P(XJ)T a(X,t)+ > [k QF +k5Qf] - uJ(t)> W (X—X, ho)
Jes K=1
(4.17)
that leads with the stationarity of J to

A(X)a(X) = > P,(X) (uJ — Z [k Qf + kﬁQﬁ]) (4.18)

Jes K=1
with
AX) =" p(Xy) p" (X)) W(X =Xy, ho) (4.19)
Jes
and
P (X) = [W(X = X1, ho)p(X1), .., W(X = X, ho)p(Xs)] (4.20)

with n numbers of nodes. Solving eq. ([EIR) with respect to a gives
Ne
a(X) =Y A'X)P;(X) (uJ - > [MQf + kﬁerz]) (4.21)
Jes K=1

After some algebra, the final approximation in terms of the nodal parameters is
obtained:

u"(X) = > pl(X)A T (X)P,(X) <uJ —~ Z [kF QY + kfiQfﬂ)

Jes K=1

+ > [kFQF +EQLY] (4.22)
K=1

with the shape functions

$,;(X) =p" (X)A"H(X)P;(X) (4.23)
that can be written as
u'(X) = Z ®;(X) iy + Z (k1 QF + k11 QY] (4.24)

Jes K=1
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with

Ne

i, = u;— Y [FQF + QL] (4.25)
K=1

Note that the parameters k; and k7 are global parameters and no spatial deriva-
tives are taken with respect to them.

Extrinsic PU enrichment

In the PU-extrinsic enrichment, the asymptotic near-tip displacement field of
the Westergaard solution, eq. IZ) is added externally to the approximation:

u"(X) =Y ¢/(X) <u[ + > bUpJ(X)> (4.26)

I8 JeS.

where by are additional unknowns introduced into the variational formulation
and 8. is the set of nodes whose domain of influence is cut by the crack tip. The
approximation (20 is clearly a partition of unity. Note the similarity between
this approximation and the approximations described in sections EZ2.4l to

As might be noted, a compatible approximation is even guaranteed by a
local partition of unity, meaning only nodes close to the crack tip are enriched.
This is a huge advantage from a computational point of view.
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Chapter 5

The eXtended finite element
method (XFEM)

5.1 Introduction

"Standard" finite element approximations are approximations with piecewise
differentiable polynomials that are obviously not well suited for problems with
strong and weak discontinuities. The only opportunity to accurately model
these kind of discontinuities is to conform the finite element mesh with the line
of discontinuity. This becomes a major difficulty for moving discontinuitied] as
already mentioned at the very beginning of this manuscript.

The XFEM is a finite element approximation that is able to handle arbi-
trary strong and weak discontinuities. XFEM is based on a local] extrinsic PU
enrichment that idea was used before for strong discontinuities, i.e. cracks, in
meshfree methods, see section Hence, it is not surprising that the first
XFEM approximations were developed for cracks. The XFEM concept was later
extended to interface problems and weak discontinuities. The basic idea is the
same as described in section EZZ} To enrich the approximation space such that
it is able to reproduce certain features of the problem of interest, e.g. cracks or
interfaces.

One important aspect of problems with moving interfaces is the tracking of
these interfaces. A powerful tool for tracking interfaces is the level set method
that will be explained in the next section. Though it is not mandatory to use
level sets in XFEM, most XFEM formulations take advantage of the level set
method.

!That can occur for moving interfaces in two phase-flow problems or evolving cracks for
exemaple

2local means that the enrichment is only employed in a certain local subdomain. Note that
the methods in sections EEAl to EERZ0 were proposed as global PU

89
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5.2 Level sets

5.2.1 Definition

Let us consider a domain €2 that is divided into 2 domains 24 and Qp. The
interface between these two domains is denoted by T, see fig. Bl

O=0,UQp
QAN =0
I : surface of discontinuity (or interface)

between Q4 and Qp

Figure 5.1: Description of a two-domain problem by using level sets

Let us define the level set function ¢(x) as

B(x) >0V x €y
$(x) <0V x €Qp
px) =0V xeTl (5.1)

The interface I' is the zero iso contour of ¢(x). Note that the position of the
interface can change with time. Hence, ¢(x,t) will be time dependent as well.

5.2.2 Normal and curvature
The normal n to the interface I at the point x € I' is defined by

n= vé
Ve |l
If || Vo ||=1, then n = V¢ . The normal n is oriented from Qp to Q4 if Qp is

the ¢-negative domain and 24 is the ¢-positve domain.
The curvature of I" at a point x € I' is defined by

(5.2)

If || Vo ||=1 then

K=ni;= o (5.4)
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5.2.3 Level set for weak form integration
Integration of a function over )

Let us suppose that we need to integrate a function f(x) in the domain Q. This
integral can be decomposed into 2 terms on Q4 and Qp:

/ flx) = f(x)+ (x) (5.5)
Q Qa Qp
With the Heaviside function H ()

e={5 v o9

the 2 domains 24 and Q5 can be defined by
Q4= {x€Q/H(¢(x)) =1}
Qp = {x € Q/H(~(x)) = 1}
The previous integral can obviously be re-written as

/Q f(x) = /Q FOH($(x) + /Q O H(~6(x)) (5.7)

Integration of the derivative of a function over 4

Let us consider the integral of the derivative of a function in 4:
£a0) = [ £:60H(660) (58)
Qa Q

The domain integral on the LHS can be transformed into a surface integral by
the divergence theorem:

fi(x) = f&x)n; (5.9)
Qa

Qs

where n; is the exterior normal to 24. Integration by parts on the RHS of eq.
E20) gives
£a0) = [ [(FH @60 - £60 (600 ] (5.10)
Qa Q

) )

In order to compute the right hand side, the derivative of H(¢(x) is needed:

(H6x)) =660 Hi(6() = 6,i(x)0(6(x)) (5.11)
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Figure 5.2: Description of a two-domain problem by using level sets

where §(n) is the dirac delta function. By assuming that the norm of the gradient
of ¢ is 1, it has been shown that ¢ ;(x) is then equal to the normal nZ—4 to
the interface if evaluating on the interface. Finally,

(H(x)) = nF~* onT

N

= 0 otherwise. (5.12)

The right hand side of the proposed expression leads to:

| rnee) = [ (f(X)H(r;b(X)) 0 H<¢<x>>)yi

. Ve
» ))n + /f ni—B (5.13)

From the last expression, 3 cases can be examined (fig. BE2):

Case 1:

I Il
k., \

(x = x x)) n; x)nA—F
| siom | e m@en+ [ reon
—gewtQy - —intQ,
- [ room (5.14)
oA
Case 2:
i(x x = m A*B
/Q L) H(6(x) / f(x / f(x
—8QA
T (5.15)

o0 a
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Case 3:

/ f () H(6(x)) fx) HG®) nit / f(x)nA=B
Q S—— r

=1 onlyif xeQx

/ f(x)n; (5.16)
o0Na

5.2.4 Smoothed Heaviside and Dirac function

o0

It can be necessary to use smoothed functions to avoid numerical problems
such as instabilities in the numerical version. For instance, one can use for the
Heaviside function:

0 for ¢ < —e¢
Ho={ Jogadin® o —ecpe
1 for e < ¢
or
0 for ¢ < —e€
H(¢) = %4_%(9%—5(%)3) for —e<o¢p<e
1 for e< ¢

Note that € shall be smaller than the element size. A possible smoothed Dirac
delta function is

0 for ¢ < —e¢
o(p) = QLEJrQiEsin”—f for —e<¢p<e
0 for e < ¢

5.2.5 Signed distance function

A usual level set function is the signed distance function (fig. BE3). This function
reaches the property of beeing zero on the surface of discontinuity. The distance
d from a point x to the interface I" is

d=| x—xr | (5.17)

where xr is the normal projection of x on I'. The level-set function ¢(x) is set
to

d(x) =din Qa,
¢(x) = —d in Qp.
This can be written as

$6x) = win | x| sign(n- (x—i)) (5.18)

xel

Note that the signed distance function has the following property:
Vo |=1 (5.19)
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Z

Figure 5.3: Signed distance function

5.2.6 Discretization of the level set

In the general case, the signed distance to the interface is not known analyti-
cally. The level set is usually discretized. The discretization is based on a finite
element mesh where Nj(x) is the shape function associated to the node I. The
set of nodes which belong to the mesh is denoted by 8. Note that the same
finite element shape functions as for the mechanical properties can be used that
facilitates implementation though this is not mandatory, ? |. The discretized
level set is

$(x) = > Ni(x)r (5.20)

Ies

where ¢; is the value of the level set on node I. This discretization becomes
usefull when the value of the level set is needed at the element level. It can
be evaluated by interpolation. Moreover, the derivative of the level set involves
only the well known derivatives of the shape functions:

¢(x).i = Nii(x)er (5.21)

Ies

5.2.7 Updating the level set of the interface

When the discontinuity evolves in time, the level set has to be updated. Note
that there are subtle differences between cracks and phase-interfaces. While
phase-interfaces generally evolve perpendicular to the interface and the phase-
interfaces are close curves, cracks are open curves and the crack propagates
perpendicular to its normal from its crack tip. Since a crack is an open curve,
one level set is not sufficient to describe the crack. Another level set ¢ at the
crack tip, generally perpendicular to the level set that describes the crack, has to
be introduced. Hence, after updating the level set of the moving discontinuity,
i.e. the crack, the level set at the crack tip has to be updated as well. Usually, it
is required that these two level sets fulfill the orthogonality condition ¢ ; <Z~)71- =0.
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Updating of the interface in its normal direction

In general, the position of the discontinuity is not known a priori. The level set
has to be zero on the interface. Hence, the material time derivative of ¢ has to

be zero: Dé(x.1)
x,t

—— =90 5.22

far (5.22)

By assuming that the discontinuity moves with a velocity field v, the previous

equation can be written as

99(x,1) —
T + V¢(Xa t) : V(Xa t) - O (523)

or _
¢+ o0 =0 (5.24)

This equation is known as the Hamilton-Jacobi equation. Using a first-order
time scheme leads to

¢n+1 _ q/)n S
T — ™! 2
N (5.25)
and to
¢t = ¢ — At ¢l (5.26)

where At is the time step. For a phase-interface problem such as in bi-phasic
fluid flow or in fluid-structure interaction (FSI) problems, the velocity field is
given by the flow or by the structure that moves in the fluid field, respectively.
However, in case of a propagating crack, the crack speed is generally unknown.
Hence, to update (meaning propagate) the crack surface, other criteria have to
be found.

Reinitialization

After evolving ¢ under a general speed v;, it generally does not remain a signed
distance function. Therefore, ¢ can be reinitialized by finding a new ¢ with the
same zero level set but with [V¢| = 1. If the position of the discontinuity is
known at each time step, the signed distance function can be re-computed in
order to build the level-set.

5.2.8 Level set for solid shape description
Computational model

Let us consider a body which is initially in the domain Qy with boundary I'y.
We will first describe the procedure for the case when the object is enclosed by
a single surface. It may be convex or concave. The procedure consists of the
following steps:

e an implicit function is constructed such that ¢(X) = 0 defines the surface
of the body and ¢(X) > 0 inside the body.
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Figure 5.4: Computational scheme: the implicit function ¢(X), particle arrange-
ment and pixels, which also serve as background quadrature cells

e a set of pixels that encompass the entire domain for which ¢(X) > 0 is
constructed; at the corners of the pixels, nodes X; are defined. They do
not necessarily need to be connected to a finite element discretization.
The procedure is also applicable to meshfree methods.

e a set of active nodes is defined by I 3 Nyt if ¢(X;) > 0 or if ¢(X;) =0
for any pixel containing X;.

We start with the set of points that define the object. The points can be
taken either directly from the object by a scanner when an existing component
is to be analyzed, or they may be based on a CAD model. The first step is
to construct the implicit function description of the body. The surfaces are
described by fitting an approximant to a set of points on the surface X;, I=1
to nsp. A set of off-surface points Xy, I=1 to n;, is also needed; these are
generated by moving away from the surface by an approximate surface normal.
The surface of the body is described by

Pp(X) =0 (5.27)

i.e. the surface is the zero isobar of the function ¢(X). The expression for ¢(X)
in terms of the approximating functions N;(X) is

$(X) =D Ni(X) X; (5.28)

IeS

The outcome of these steps are illustrated in figure B
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Background mesh (voxels) and active pixels

The implicit function is enclosed by a bounding box B that includes all points X
such that ¢(X) > 0; this bounding box is called the computational domain Q¢ p.
The bounding box refers to the reference domain (i.e. the initial configuration
of the body), so its size does not change as the body deforms. Note that the
bounding box does not necessarily have to be rectangular. The bounding box
could also consist of unions of rectangular boxes.

An array of pixels is then constructed. The selection of the pixel size is a
crucial step in the procedure, since it is necessary to determine a pixel size that
leads to reasonably economical computations, yet corresponds closely enough
with the details of the object so that the boundaries of the object in each pixel
are simple. Note that in the initial selection of pixel size, resolution of the
geometry is more important than accuracy of the solution. The selection of
active pixels is then made by the criterion ¢(X;) < « hy,, where h,, is the pixel
dimension and « is a constant between zero and one.

5.3 Standard XFEM

XFEM is based on a local partition of unity. It uses an extrinsic enrichment
to model the weak or strong discontinuity within a finite element. The XFEM
approximation can be decomposed into a usual part and into an enriched part

(X) =Y NX)us+ Y Y NFX) R X)af  (5.29)
Jes Kee Jes.

where the first term on the RHS of eq. (E29) is the usual approximation and
the second term on the RHS of eq. (EZd) is the enrichment. § is the set of
nodes in the entire discretization and 8. is the set of enriched nodes that are
influenced by the interface; N; and Ny are the shape functiondd. Y(X) is an
enrichment function that is chosen according to the problem of interestE and ay
are additional degrees of freedom introduced into the variational formulation.
The set € is the number of interfaced]. If we have only a single interface, then
the first sum of the second term of the right hand side of equation (29 can
be omitted (as well as the superimposed K).

5.3.1 Application to strong discontinuities

Let us use the XFEM enrichment with N;(X) = N;(X) to be able to model
one single strong discontinuity in one dimension. Therefore, the enrichment
function v is chosen to be the step function S:

5(6) :{ L%l (5.30)

3Note that generally different shape functions can be used for the standard part and for
the enrichment

44p(X) will differ for a strong and weak discontinuity

Se.g. cracks
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Figure 5.5: Principle of XFEM in 1D for a strong discontinuity

The approximation (22Z9) then reads:

uM(X) =Y Ns(X) us+ Y Nj(X) S(¢(X)) ay (5.31)

Jes§ Jes.

Moreover, we assume linear shape functions Ny = 0.5(1 — r), No = 0.5(1 +7),
where r is a local scaled element coordinate. Let us consider three finite elements
as shown in figure 3 The shape functions No(X) of node 2 and N3(X) of node
3 are shown in figure as well. The nodes are numbered in ascending order
from 1 to 4. The element in the middle supposed to have a strong discontinuity,
i.e. a crack, at an arbitrary location X, between node 2 and node 3. Therefore,
the nodes 2 and 3 will be enriched. The nodes 1 and 4 will not be enriched since
they are not influenced by the crack.

The crack is defined with the level set ¢(X.) = 0 where X, is the global
position of the crack and ¢(X) < 0 when X < X, and ¢(X) > 0 when X > X..
Since for the coordinate of node 2, X5 < X, it follows that S(¢(X2)) = —1.
Accordingly, S(¢(X3)) = 1 since it lies on the opposite side of the crack with
X3 > X.. The resulting enriched shape functions N;(X) S(X) for nodes 2 and
3 are shown on the LHS of figure B3 as well. From (E&31)), it is obvious that the
value of u(X) on an enriched node K € 8. is

U(XK) =Ug + S((f)(XK)) ay (5.32)

Thus, the nodal parameter ux is not the real displacement value on the node.



5.3. STANDARD XFEM 99

In order to satisfy this relation, the enriched shape functions are shifted around
the node of interest:

uh(X) =D Ny(X) us+ Y Ny(X) (S(6(X)) = S(¢(X))) ay  (5.33)

JeS JeS.

such that u(Xg) = ux. The result of this shifting is illustrated on the RHS of
figure We note that the enriched region is getting narrower. This shifting
is standard in XFEM. The jump in the displacement field is given by

[W"(X)] = u(X*) - u(x")
= ;;SNJ(X*) UJJFJGZSCNJ(XJF) (S(6(XT))) ay
DNk 3N (S0 )
S M) () - S @
- ;GSZ Ny (X) ay (5.34)
=

Here, we have used the continuity of the shape functions across the crack, i.e.
Nj(X7) = Nyj(XT). Several authors prefer to use the Heaviside function in-
stead of the step function to model the jump in the displacement field. In that

case, eq. (B34) becomes:

["(XO] = Y Na(X) ([H($(XT) — H(@(X))]) as

JeS,

> NJ(X)ay (5.35)

JeS.

and hence the jump is > Ny(X) ay instead of 2 > Ny(X) ay. Note that
JeS. JEeS,
the choice of the jump in the enrichment function does not matter. The nodal

parameters will adjust automatically.

5.3.2 Application to weak discontinuities

For a weak discontinuity, the enrichment function % is chosen to be the signed
distance function ¢:

Pr(x,t) = [o(x, )] = |p(x7,1)] (5.36)

The approximation (E29) then reads:

VM) =D Ny@) vs(t)+ D Ny(z) (), t) as(t) (5.37)

Jes JeS.
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Figure 5.6: Principle of XFEM in 1D for a weak discontinuity
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where 8. denotes the inferfacen. Note that we have written the approximation
in terms of spatial coordinates since weak discontinuities are often associated in
fluid mechanics (two-phase flow). Hence, we have also used the letter v instead
of uw that should indicate velocity instead of displacement. We consider again 3
elements in one dimension that are numbered from 1 to 4 in ascending order and
with the interface between node 2 and node 3, see figure The enrichment
function v for node 2 and node 3 is illustrated as well. As can be seen, a kink
is introduced that will cause the jump in the gradient of the function since the
jump occurs in the derivatives of 1, see the bottom on the LHS of figure
The resulting shape function Na(x,t) 12(x,t) for node 2 and N3(x,t) ¥3(x,t)
for node 3 are shown in figure Bl too. The velocity gradient is obtained by
formal differentiation of eq. (B3D):

Vol(z) = ZVNJ(x)UJ(t)

Jes
+ D (VNs(2) $s(6(),1) + Ny(w) Vibs(d(),1) as(t]5.38)
JES,
with
Vipy(x,t) = sign(¢) Vo = sign(o)n;,; (5.39)

where n;,; denotes the normal to the interface. The only term that can cause
the jump is Vb ;(x,t). Similar to the jump in the displacement field, we obtain
the jump in the strain field

[Vo"(X)] =2 ) N(X) ay nip (5.40)
JES,
or the jump normal to the inferface:
[Vo" (X)nim] =2 Y Ny(X) a; (5.41)
Jes.

where the factor 2 results from the step size from —1 to 1, see figure B8

5.4 Hansbo-Hansbo XFEM

An alternative to the standard XFEM for strong discontinuities was proposed
by Hansbo and Hansbo [@] They do not model the crack kinematics with
additional degrees of freedom but by overlapping elements, see figure i1 The
Hansbo and Hansbo m] XFEM-version can be derived from standard XFEM.
Therefore, let us consider the approximation of the discontinuous displacement
field for a linear finite element in one dimension:

2
uM(X) = ) NH(X)[ur +ar (H(X = Xe) — H(X1 - X,))]
I=1

= w3y Ny +ugs No+a3 Ny H(X—XC)
+ ao N2 [H(X - Xc) - 1] (542)
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where H is the Heaviside function. With Ny = Ny H(X—X.)+N; (1 — H(X — X.)),
I =1,2, we can rewrite eq. (42

u"(X) = (up4a) Ny HX — X)) +uy Ny (1 - H(X - X))
+ (’U,g — ag) N2 (1 — H(X — Xc)) + U N2 H(X — Xc) (543)

Let us define

1_
elementl { v =W (5.44)
Us = Uz — A2
2 _
element?2 { v o (5.45)
UQ = Uy

where superscripts and subscripts denote the element and node numbers, re-
spectively. Eq. (EZ3) can then be rewritten as

u(X) = wul Ny(1 - H(X — X)) +uiNo (1 - HX — X))
+ ul Ny HX — X.)+u3 Ny HX — X,) (5.46)

Thus, we can consider the displacement field to consist of the displacement
fields of two elements: element 1, which is only active for X < X, due to
(1 - H(X — X.)) and element 2, which is only active for X > X due to H(X —
X.). The displacement jump across the crack is then:

[ (OLox, = Jdim (X +0) — u(X )]y,
e—0
= Ni(Xo) (U% - U%) + Na(Xe) (“g - “%)
= a1 Nl(XC) + as NQ(XC) (547)

From eq. (B4H), we can see that the discontinuous field can be constructed by
adding an extra element, element 2 in that case, as shown in figure B Then,
two additional nodes are added (u3 and u?). The two parts of the model are
completely disjoint.

5.5 Blending elements

Around the enriched domain QP which is the support of the partition of unity,
there is a partial enriched area where the elements do not have all their nodes
enriched. These elements are called blending (or partial enriched) elements (fig.
BEX). The approximation in a 4-node element which has less than 4 enriched
nodes, 3 for instance, is

W~

3

ul(x) =Y Nr(x)uri + Y Nj(x)p(x)ay; (5.48)
J=1

I=1
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Figure 5.7: Standard XFEM vs. Hansbo XFEM

In this element the function 1 (x) can not be recovered by taking ur; = 0 and
ay; = 1 because (N1, Na, N3) is not anymore a partition of unity, in other terms,

3
> ONs(x) £ 1. (5.49)
J=1

The fact that the additional function can not be recovered in these elements is
not important since these elements do not contain the discontinuity. The main
point is that it may introduce spurious terms in the approximation which pro-
duce an error in the solution. The spurious terms can be automatically corrected
by the standard part of the approximation if the order of the standard part is
more or equal than the order of the partition of unity times the enrichment.
Table BTl shows a few possible combinations.

The spurious terms can be corrected by an assumed strain method [m] The
finite element shape functions form a partition of unity

> Nix) =1 (5.50)

IeN

It follows from the above that for an arbitrary function ¥(x), the following
satisfies

> Ni(x)¥(x) = U(x) (5.51)

IeN
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Figure 5.8: Partial enriched around the enriched area.

Standard shape | Partition of | Enrichment, order Spurious
functions unity of terms
Ni(x) fi(x) P(x) fi(x)x

¥(x)
4-node element | 4-node element | Heaviside
15t order 15t order zero order 1 No
4-node element | 4-node element | Ramp
15t order 1%t order 1%t order 2 Yes
9-node element | 4-node element | Ramp
25t order 1%t order 1%t order 2 No

Tableau 5.1: A few standard combinations for shape functions, partition of unity
and enrichment

Therefore any function ¥ can be reproduced by a set of functions N;¥. This
is the key property of enriched finite element methods based on a partition
of unity. Although one could enrich the entire domain, only a sub-domain is
usually enriched since the features need to be modeled local — for instance, a
crack compared to the plate containing it. Moreover, keeping enrichment local
permits keeping the matrix banded. This is why X-FEM can be considered as
a local partition of unity enriched finite element method. A partitioning of a
typical domain into its non-enriched sub-domains and enriched sub-domains is
shown in Figure In this local enrichment scheme, three types of elements
are distinguished. The first types are the classical finite elements, those in
which none of its nodes are enriched, these elements are grouped in ¢, The
second type are fully enriched elements, i.e. all of its nodes are enriched. These
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elements are denoted as Q°¢*". The third type of elements, called partially-
enriched elements, are those for which only some —but not all- of the nodes are
enriched. These elements form the blending sub-domain Q"¢

S N NS N NS G N S W
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J
N
J
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J
N
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N

S O
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o

27
7

®

:
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Figure 5.9: Typical discretization illustrating enriched domain Q" transition
domain Q"¢ and standard domain °*¢; filled nodes are enriched

Let u;y = 0 and ay = 1 in the enriched finite element approximation, then
we have

Ny(x)¥(x) = W(x) VxeQo
w'(x)= Y { Nyx)U(x) # U(x) ¥xeQind (5.52)
Jener | Ny(x)¥(x) = 0 VxeQsd

Therefore the approximation can reproduce the enrichment in Q2" and it van-
ishes in Q%¢¢. However, in the blending domain, it consists of the product of a
subset of the enriched shape functions N; and the enrichment function ¥ so this
enrichment function cannot be reproduced. The blending elements or transition
elements lead to a lower convergence rate for enriched finite element methods
compared to standard finite element methods. The following example, extracted
from m], shows the reason. Consider a one dimensional mesh as illustrated in
Figure BEI0 with a discontinuity in the derivative in element 0. The enrichment
function is the ramp function

U(x) =xH(x) (5.53)
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e —_
() {E'I':]}:@, ki

Figure 5.10: A 1D example of how a locally enriched finite element method fails
to be able to reproduce a linear field. The desired piecewise linear field is shown
in (b) and the enriched part (dotted line), standard part (dashed line), and the
total (solid line) approximation are shown in (c). The discretization is shown in
(a), where the enriched nodes denoted by filled circles, the two blending elements
are filled and the fully enriched element is hashed m]

where H is the Heaviside step function. This enrichment adds a discontinuity
in the gradient of the approximation at x = 0. Linear shape functions are used
for both the standard approximation and the partition of unity. Let element
0 be the fully enriched element and element 1 be the blending element to the
right. The approximation of element 1 is given by

u'(x) = > Ni(x) + Ni(x)(xH (z) — x1 H (21))ay (5.54)
I=1
u"(€) = ur (1 — &) + uzf + ar€h(1 — ) (5.55)
where
€= _h ! (5.56)

and h is the length of element 1. Let the finite element interpolation to the
solution be given by u" and denote the error in the interpolation by e, we have

e=u—um (5.57)

The maximum error occurs at the point T where

d
€ a7 = ge(f) =0 (5.58)
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Then a Taylor expansion about T gives

ela) = (@) + €ofel ~ T) + geaiplz ~T7 +OU) (559
or
o) = e(®) + 5 raielx — 7 (5.60)

If we let © = zy, then e(z;) = 0 since u” is the finite element interpolation of
u, i.e. u"(x7) = u(zr). Therefore, we obtain

1 2

e(x) = fie,m‘f(z — ) (5.61)
Since
2
e(r) = U zg % (5.62)
and since
1 1
5@ r1)? < gh2 (5.63)
it follows that
1 2
o(F) < ghPmax(uzo + %) (5.64)

The last term, 2a;1 /h, does not appear for standard finite elements. It increases
the interpolation error in the blending elements from order h? to h. Although
this occurs only in few elements, it reduces the rate of convergence of the entire
approximation. The reason for this is that the partition of unity property (com-
pleteness) of the approximation is not verified in the whole domain. Therefore,
the theoretical rate of convergence cannot be attained. When the enrichment
is a polynomial of order n, i.e. £, then for n > 1 the interpolation error in the
blending elements is increased even further. If we go through the same steps as
before, we find that

o(7) < éthaX(mm + %) (5.65)

At this time, we can understand why in the quadratic XFEM formulation,
the partition of unity shape functions have been chosen as linear. To get im-
proved rate of convergence, Chessa proposed the enhanced strain formulation
for the blending elements. By properly choosing an enhanced strain field, the

undesired terms in the enriched approximation can be eliminated.

5.6 Implementation

The implementation of XFEM will be explained for a 4-node quadrilateral ele-
ment with linear shape functions, see figure BT11
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5.6.1 Shape functions

s=1

S

nodel : (z1,41)
T

r\ node2 : (z2,y2)
§ = —

Physical element

(_17 _1>

Figure 5.11: Physical and parent 4-node elements

The shape functions Ny, I = 1...4 are given by:

Nirys) = (1= 7)1~ 5)
Nafr,s) = (1 +7)(1 — 5)
Ni(r, s) :i(1+7~)(1+s)
Ny(r,s) = 3(1 —r)(1+s)

Parent element

where r and s are scaled coordinates in the parent element, see figure BT The
standard finite element approximation of the displacement is

e _ Uz _ Nl N2 N3 N4 0 0
“(M)_{ }_{0 0 0 0 N N

0
N3

0
Ny

Uz,
Uz
Ugy
Uz,

Uyy

Uyz

= NGa(M) q°
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The enriched finite element approximation of the displacement is

Ug :| _ [ N1 Ng N3 N4 0 0 0 0

“(M):[uy "0 0 0 0 N N Ny N

N1y Natpa  Nzpz  Naiy 0 0 0 0 Uy,
0 0 0 0 Nipr Natpa  Nstps  Natha Ay

u (M) =[Nga(M) Ne,. (M) ] q°
In other terms, this leads to
u®(M) = N°(M) q°
where N¢(M) = [N¢,,(M) N¢,.(M)]. In this last expression, it is assumed

enr
that the 4 nodes of the element are enriched by a single additional function

1 (x) where 1y denotes the shifted function:
Yr(x) = P(x) — ¥(xr)

5.6.2 The B-Operator

The strain tensor components in Voigt notation are

€xx
e=| €y | =Du®(M)
264y
with

9
ox 9
D= 0 Ew
o
Jy Ox

By replacing u®(M) by its approximated form, it gives
e =DN*(M) q° =B*(M) ¢°
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where B¢(M) is the discretized gradient operator. It contains both the standard
part and the enriched part and it can be written as

B (M) = [Bga(M) B, (M)]

enr
In the last expression, the discretized gradient operator B¢, (M) is equal to:
Niy Noy Nsp Nip O 0 0 0

Bl = 0 0 0 0 Niy Noy Nzy Nyy
Niy Naoy Nzy Niy Nig Nop Nzg Nyy

and the enriched discretized gradient operator B¢, . (M) is equal to

(Nip1),e (NV202).e  (N3¥3)e  (Natha),z 0 0 0
0 0 0 0 (N1h1),y  (N2th2)y  (Naths)y
(Nip1),y  (Natp2)y  (Nawha)y  (Nawpa)y (Ni9n),e  (Natb2)e  (N3ths)

In the case of an Heaviside enrichment, the derivative of the approximation
can be written as

ul, = ZNM(X) w;g + Z (N (x)H(p(x))) ; ajs

€ —
Ben'r -

Ies Ies
= D Nui() ujs ) (N H($(x)) + Ny(x)Hi((x))) ajs
Ies Ies

The derivatives of the Heaviside is the dirac delta function H,(¢(x)) = 9.
That means that H; = 1 at the crack interface and H; = 0 otherwise. If we
assume the crack to be traction-free, we can omit the derivatives of the Heaviside
function and can give the enriched B-operator as

Nia1  Nogtha Nzztps  Nigtha 0 0 0 0
Benr = 0 0 0 0 Niyr  Noyto  Nyths  Naytha
Nl,xwl N2,x7/)2 NS,QCQ/)S N4,xw4 Nl,ywl N2,yw2 N3,yw3 N4,y¢4

In the case of a ramp enrichment, ¥ (x) = |¢(x)|, the computation of the
derivative of ¢ (x) is needed:

(v00) . = sign(6(x)) 6.(x)

5

The derivative of ¢(x) is then needed. Since

b1
_ b2
ox) =[N No Ng Na| o
P4
the derivative according to x is
¢
¢(X),I = [ Nl,ac NQ,(JL‘ N3,ac N4,x ] 22

(Naa),y
(Nat)4) 2
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and the derivative according to y is

ol

¢(X),y:[N1,y NQ,y N3yy N4yy] ii

b4

5.6.3 The element stiffness matrix

The previous computations involve the derivative of the shape functions in terms
of the physical coordinates. The relations between the derivative in the parent
and in the physical coordinates are

8N1_8N18r aN[aS
dxr  Or dr ' 9s Ox
8N1_8N18r aN[aS
Oy Or oy 0s Oy

which can be written, for each function Nj:

o o
dr Oy
[Ne Ny]=[N, N.]
os 05
dr Oy
—_——
=J!

where J is the Jacobian. The derivatives of the functions Ny(r,s) in terms of
the parent coordinates r and s are:

1
NL,«:—Z(l—S) lez——(l—’l")

1 1
NQT:Z(l_S) N26:_Z(1+r)

s

1
Ng.,-:Z(l—i-S) N3s=—(1+7")

The expression of the Jacobian is

or o
Jor  0s
J—
% 9y
or Os

with
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4 4 4
ox ONp ox ONp
xX Iil xr 87’ Iil ” X B E Xrr

= 98
which is also
1
ox T
E [Nl,'r' N2,7' N3,r N4,7'} xi
T4
1
6$ T2
— = | N1y Nos Nso Ny,
D5 [ 1, 2, 3, 4, } I3
T4
and
4 4 4
6:(] 8N[ é?y 6N]
= N e _— —_— = _—
Y ;Iyz, or z::c?ryj’ 0s _&syI
which is also
Y1
0
a_%’{: [ Nl,'r' N2,r NS,'r‘ N4,7'] ::Zi
Ya
Y1
Jy Y2
— =] Nis Nos, N3, Nyg
D5 [ 1, 2, 3, 4, ] Ys
Ya

The expression of the stiffness matrix for an enriched element is

1 1
K* :/ B¢ (M) C° B¢(M) d :/ / B¢ (r,s) C° B(r,s) detJ dr ds
e —1J-1

where C¢ is the constitutive tangent operator.

The stiffness matrix can be
decomposed into four 8 x 8 blocks:

enr

/ < (M)C*BE, (M) / <! (M)CBE,, (M)
K =
enr

[ Bonesi,on [ By, 00cBg, 00

The up-left block corresponds to the standard stiffness matrix. The elemental
enriched stiffness matrix has a 16 x 16 size.
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Figure 5.12: Sub-triangulation of finite elements

5.7 Integration

Numerical integration is the last step to obtain the discrete equations. In FEM,
Gauss quadrature is usually applied. However, standard Gauss quadrature can-
not be used if the element is crossed by a discontinuity. One integration strategy
is based on sub-dividing an existing elements into several smaller triangular el-
ements as shown in figure for the 2D case. Difficulties occur for high
curvatures of interface ¢. For example: Consider linear finite elements. If an
interface severely curves as shown for the two dimensional case in figure
and the interface is discretized with level sets where for the discretization of
the level set, the linear FE shape functions are used, then the level set cannot
capture the curvature of the crack correctly. Therefore, an additional node is
introduced to maintain the accuracy of the integration. Adding one more point,
the error is reduced second order small.

After the element with the interface is sub-triangulated, the integration of a
function F can be done as follows:

F F(X)dQ + [ F(X)dQ

Q- Qt

F(X(E)) detI(£)dQ+ | F(X(€)) detI T (£) dQ  (5.66)
Q- Q+
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O O

Figure 5.13: Transformation of an integration method on a square into an inte-
gration method on a triangle for crack tip functions

where the Jacobian maps the domains QF onto Q*. With the mapping Q* —
OF, we finally obtain:

o= [ X)) detd (€(m) detd (n)a2

+ /Q F(X(&)(m)) detI* (£(n)) detd ™ (n)dQ (5.67)
and in its discrete form using Gauss quadrature:
n, nf,
GP _ GP _
F= Z F(n;) detI ™ (n) detJ_(n)w[JrZ F(n;) detIt(n) detIt (n)wr (5.68)
I=1 I=1

where ng p and ngp are the Gauss points in Q= and Q*, respectively, and 7 are
the local coordinates of the Gauss points and w; are their quadrature weights.

An alternative approach is the modification of the quadrature weights, that
is illustrated in figure BET4l In that method, the quadrature weights crossed by
the crack are computed according to their areas AT and A~:

AT
O |
wy =w A
e

wy = wA—II (5.69)

The method requires subdivision of the element; we note that a certain number
of Gauss points are needed in order to obtain accurate results.

In crack problems, it is preferable to have an accurate stress field around
the crack tip in order to model the propagation of the crack as accurate as
possible. In a sub-triangulation procedure, state variables have to be mapped
from the original Gauss points to the new Gauss points generated by the sub-
triangulation procedure at the time the crack enters the element. Therefore, it
is preferable to use the second approach with higher numbers of Gauss points
adjacent to crack-tip elements. The mapping is then done before the crack
approaches the element that will be cracked.
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Figure 5.14: Integration with modified quadrature weights
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(O not enriched nodes

Figure 5.15: One opportunity to close the crack in XFEM

Remark: In LEFM, the elements that contain the crack tip do not only have
a discontinuity but also a singularity at the crack tip. Hence, a sub-triangulation
procedure might not be accurate enough if Gauss points of the sub-triangles are
close to the stress singularity. This drawback can be circumvented by expressing
the elementary integrals of the type

[ E0)-¥ (F) o (5.70)

—-0.5

in polar coordinates that will remove the r singularity of VF;. The geometric

transformation
T Ty
: “— 5.71
J { Y } { Y } (5.71)

maps the unit square onto a triangle, see figure I3 With this transformation,
it is possible to build a quadrature rule on the triangle from a quadrature rule on
the unit square. The new integration points & and their weights @ are obtained
from those of the original quadrature rule with

£=G(¢) ,w=w det(VS) (5.72)

5.8 Application of XFEM to LEFM

5.8.1 Governing equations

The governing equation is the equation of equilibrium:

Vo-P—b=10 vX e Qo \T§ (5.73)
The boundary conditions are

u(X,t) =u(X,t) on Ty (5.74)
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no - P(X,t) =to(X,t) on T} (5.75)

ny-P(X,t)=0 on Tj (5.76)

where @ and tg are the prescribed displacements and tractions, respectively and
['§ is the crack surface with T JTHUTS = To, (TyNTH U THENTH U Te N =
(). We assume that the crack surfaces are traction-free, see eq.

5.8.2 Weak form

The weak form of the equilibrium equation is given by: find u € V such that

OW = dWint — 6Weze = 0 Vou (5.77)

where
Wine = / (Veou' : P dQo (5.78)

Qo
OWegt :/ du-b on+/ du -ty dly (5.79)
Q0 T
where
vV = {u(,t)u(,t) e H', u(,t)=u(t) on [, u discontinuous on I'j}

Vo = {oujdueH', su=0onTy, du discontinuous on I'§} (5.80)

In the static case, the solution of a boundary value problem (BVP) with internal
boundaries is to be sought in the so-called Space of Bounded De formations.

5.8.3 XFEM approximation for cracks

The application of XFEM to cracks poses additional challenges onto the method:
e It has to be ensured that the crack closes at its crack tip.

e During a loading cycle, a crack can open and close. It has to be ensured
that the two crack surfaces do not overlap.

e While in fluid-fluid or fluid-structure interaction problems, the interface
is given at the beginning of the computation, cracks can be initiated at
any time during a loading cycle. Hence, we need also a criterion that tells
us when a crack is initiated, how the crack will be oriented and how the
shape of the crack looks like, e.g. how long is the crack?

e Crack path tracking algorithms are more complex than interface tracking
algorithms in two-phase flow or fluid-structure interaction problems.
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Figure 5.16: Example of enriched nodes when crack closure is realized by closing
the crack tip at the element sides

We will discuss these aspects only for a single crack. Moreover, we consider
two dimensional triangular and quadrilateral finite elements with linear shape
functions. The crack line is approximated with level sets where the level set is
discretized with the same shape functions as the mechanical properties. Hence,
the curvature of the crack can be maximal bi-linear for the quadrilateral ele-
ment and linear for the triangular element. We don’t consider geometrical and
material non-linearities. For now, we assume that the crack does not propagate
and study only the crack kinematics. The subsequent issues will be discussed
in the following sections.

The Heaviside enrichment is able to capture the jump in the displacement
field. However, it does not necessarily guarantee the closure of the crack at its
crack tip. The simplest possibility to ensure crack closure at the crack tip is to
locate the crack tip at one of the element edges and not to enrich the adjacent
nodes, see figure Two potential crack pathes including the enriched nodes
are illustrated in figure EI6 The black dots denote the enriched nodes. The
standard nodes are not shown. This kind of crack closure has the drawbacks
that the crack length is governed by the element size since it is required to
grow the crack through the entire element. Another opportunity is to close
the crack within an element. However, the enrichment procedure has to be
modified. Therefore, let us consider a triangular element as shown on the RHS
in figure T The crack is assumed to pass through the side 23 and intersect
side 12. Other relationships can be obtained by permuting the node numbers.
Due to compatibility, the enrichment has to vanish on the sides 12 and 13 and
is continuous across 23 with the field in the adjacent element. To meet this
condition, only node 3 is enriched and the discontinuous displacement field in
the tip element is

Udisc = 5;, \Il3(£*) as (581)

where £ = [&f & &] are the parent coordinates of the sub-triangle 23P in
figure I The shaded parent area coordinates are related by &5 =1 — &7 — &3
and W3(£") = sign (¢(€")) — sign (¢3). The relation between £* and € is given
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)

N2 (&) =&

Figure 5.17: XFEM enrichment for a crack tip that ends in an element

by
a:§n$:& (5.82)
1P

where &1 p is the area coordinate of point P. When the direction of the crack
intersects side 31, see the LHS of figure T4 then the discontinuous part of the
displacement field is

Ugise = &5 Ua(€7) ay (5.83)
with
§-6-20 -2 (5.84)
2p Sop

and W (£") = sign (4(€")) — sign (¢2) and ag = ap = 0. The enrichment can be
implemented easier by letting

Udisc = ZE; Ur(€) ar (5.85)
T

and constructing ay to vanish for the nodes on the edge towards which the
crack is heading. These enrichment displacements ug;s. vanish on the boundary
of Qcnr. Hence, only the elements in €., need a special treatment of the
same type. This is a partition of unity in ¢, and there is no inner blending
between different enrichments. Moreover, since the enrichment vanishes on the
boundary of ., blending outside the enriched subdomain does not occur.
Thus, although it is a local partition of unity, it is indistinguishable from a
global partition of unity.

Another opportunity to close the crack is by use of branch functions B.
In fact, the branch functions were already introduced in section where the
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=] g

O crack tip enrichment

@ Heaviside enrichment
Figure 5.18: Crack with enriched elements

concept of enrichment was discussed:
B = [By By B3 B4

NG sing, NG cosg, NG sin%sin(@), NG cos%sin(@) (5.86)

Here, we will denote the branch functiond] with B according to the LEFM lit-
erature. It is obvious that for » = 0, the crack closes at the crack tip. Moreover,
the solution will be more accurate since we put the information of the analytical
solution into our approximation. The approximation of the displacement field
is now given by:

(X)) = Y N(X)ur+ > Ni(X) H(f1(X)) a

Ies 1€8.(X)
+ Z Ni(X) ZBK(X) brr (5.87)
Ie8(X) K

where 8; are the set of nodes that are influenced by the crack tip and the
superimposed bar denotes a shifting as described in section EXIl The first
term on the RHS of eq. (EX7) is the standard approximation, the second term
and the third term is the enrichment, see also figure Generally, only
the element containing the crack tip is enriched with the branch functions B.
However, this is not mandatory. It is also possible to enrich adjacent elements
as shown on the RHS of figure

Finally, we would like to mention the special case, where a crack is located
close to a nodd] as shown in figure LT Therefore, let us consider the element
spanned by the nodes a, b, ¢, d. The support of the node is defined by its
adjacent neighbor elements. Node a for example has four neighboring elements.

6In section B2 the branch functions were denoted with p
"The node cannot be enriched with a crack tip enrichment
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Figure 5.19: Enrichment criteria for cracks that are close to a node

Hence, the support size is equal to the area of these four neighboring finite
elements. Let us define the parameters »* and r~ between the area on both
sides of the crack and the total area of the support:

AT A~
t  — = (5.88)

At + A~ At + A~

If one of these ratios is smaller than a given threshold, the support node is no
longer enriched. In the case of our element a, b, ¢, d, only nodes a and b will be
enriched.

r

5.8.4 Discrete equations

To obtain the discrete equations, the test and trial functions have to be substi-
tuted into the weak form of the equilibrium equation (BZZ4). We will consider
the approximation with crack tip enrichment as defined in eq. (E&7d). The
approximation of the test functions look identical. Then we obtain the final
system of equations:

Ky Ky K uy £t
K¢ K15 K a; =1 fi* (5.89)
K%K Kl}aJK Kl}l?]K bk ffe}?
or
K d=rft (5.90)

where K is the stiffness matrix, d = {u a b}T is the vector with the nodal pa-

rameters, £t = {f* f¢ fb}T is the external force vector with £ = {£0! £/2 £03 04}
and

£ = / Ny bdQ+ [ N;tdl (5.91)
Q Tt

fo — / Ni (H(6(X)) ~ H(6(X1) a0+ | Ny (H(6(X)) ~ H@(X;) T
(5.92)
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£l :/NI (Br(X) = B{(X1)) bd2+ [ Nr (Bj(X) - Bj(Xp)) tdl' (5.93)
Q

Tt
The stiffness matrix is

K:/QB CB 0 (5.94)
where B is the B-operator defined by:
Nr x 0
BY = 0 Ny (5.95)
Nry Nrx
Nrx (H(¢(X)) — H(¢(X1))) 0
B} = 0 Niy (H(o(X)) = H(¢(X1)))
Niy (H(o(X)) = H(¢(Xr))) Nrx (H(o(X)) - H(¢>(XI)))( |
5.96
(N7 (B(X) - By (X0)] 0
Bl}l|l=1,2,3,4 = 0 [NI (Bll((X) - BlK(XI))} Y
(N1 (Bk(X) = Bi(X1))] ,  [N1 (Bk(X) = Bi(X1))] «

(5.97)
In eq. (B0H), we have already omitted the derivatives of the Heaviside function,
see section The partial derivatives for the branch function are

[Ny Bie(X)] , = Ny Bie(X) + Ny B(X)., (5.98)

To obtain the derivatives of the branch functions, let us define a local crack
coordinate system, see figure The angle a denotes the slope of the local
crack coordinate system with respect to the global coordinate system. The
derivatives of the branch functions in the local crack coordinate system are

Bi=B.r;+BY0; (5.99)

where 6 and r are defined in figure EEfl and the subscript ", " denotes derivatives
with respect to the local crack coordinate system. The terms B', and B,le are
obtained by formal differentiation:

o sn(0/2) Ly V3cos(/2)
T 22 6 2
o cos(0/2) o _\/isin(e/Q)
Br=—w P
B3 = w BY = r (M +sin(6/2) cos(o))
B = w BY = r (M + cos(6/2) cos(o)) (5.100)
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Figure 5.20: Definition of a local crack coordinate system

The derivatives of r and 6 with respect to the local crack coordinate system are

X x = —sin/r
0

y = cos/r (5.101)

With (BT00) and (EIOT) in (E39), we have the derivatives of the branch func-
tions in the local crack coordinate system:

Bl _ sin(6/2) Bl ~ cos(0/2)

VR NG)
5?2 cos(0/2) BQ*_sin(H/Q)

X 2v2 Y = 22

~ sin(36/2) sin(0)

B — B - sin(0/2) + sin(30/2) cos(0)
o 2v2 T 2v2
cos(36/2) sin(6 cos(0/2) + cos(360/2) cos(0
2v/2 2V/2
Finally, the derivatives in the global coordinate system are obtained by:
Bx = B g cos(a)+ By sin(a)
By = B gsin(a)+ By cos(a) (5.103)

where « is the inclination angle of the local crack coordinate system versus the
global coordinate system.
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\ $2(x) =0

Intersecting discontinuity Branching discontinuity

Figure 5.21: XFEM element with intersecting discontinuities and branching
discontinuities

5.8.5 Advanced XFEM in LEFM

Crack branching and crack junction

Let us consider the case of crack branching and crack intersection in a single
finite element as shown in figure 21l Let 8 be the set of nodes whose domain
of influence is completely cut by the discontinuity described with the signed
distance function ¢;(X) = 0 and 82 the corresponding set for ¢o(X) = 0;
82 = 81N 82. The same applies accordingly for nodes whose domain of influence
is cut by the crack tip enrichment. We will denote this set of nodes with 8} and
82. Then the approximation of the displacement may be given by

u"(X) = Y NMX)u+ Y Ni(X) H(éi(X)) af”

Ie8(X) I€81(X)

+ Y Ni(X) H(¢a(X)) af?
Ie82(X)

+ Y Ni(X) H(¢i(X)) H($2(X)) af?
Ie83(X)

+ Y M%) Y.BY(X) b
Iest(X) K

+ Y NX) Y OBR(X) b (5.104)
I€82(X) K

Note, that crack branching requires the introduction of another level set. Crack
junction can be treated similarly. A computationally more efficient approach
was proposed by Zi et al. [|2_1|] by modifying the signed distance functions so that
no cross terms are needed for junction or branch problems.
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Figure 5.22: Sign functions for crack junction

When two cracks are joining, the crack tip enrichment is removed. By using
the signed distance functions of the pre-existing and approaching crack, the
signed distance function of the approaching crack is modified, see figure
Three different subdomains have to be considered: (¢; < 0,092 < 0), (¢1 >
0,2 > 0), (¢1 > 0,02 < 0) as in figure 22 or (¢1 > 0, Py < 0), (¢1 > 0, ¢2 >
0), (¢1 < 0,¢2 < 0) as in figure B2ZA. The signed distance function of crack 1
of a point X is then obtained by:

P(X), if 5(Xq) $5(X) >0
X) = . 5.105

w00 ={ 4%t Ax) 20 (5:105)
where the superimposed 0 denotes the sign distance function before crack junc-
tion. Therefore, the final approximation without the cross term reads:

Ne

WNX) = Y MX) urt Y Y Ni(X) H6P (X)) ap”

Ie8(X) n=1TI1e8.(X)
+ 3 Y M) Y BX) b (5.106)
m=1J1e8:(X) K

where n. and m; are the number of cracks that completely cross the element or
contain the crack tip, respectively.
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Crack opening and crack closure

The governing equations in section were formulated for a traction-free crack
problem. To be more precise, the problem was stated only for the case of crack
opening. The case of crack closure that can arise for example under cyclic
loading conditions was not considered in that formulation. To generalize the
crack problem in elastostatics, let us rephrase the problem:

VO-P—b:@ VXGQO\FB (5107)

with boundary conditions

u(X,t) =u(X,t) on Ty (5.108)

ng - P(X,t) =to(X,t) on T} (5.109)

ny-P(X,t) =0 on T§ if notin contact (5.110)

th =t =0, tiy=—toy on T§ ifin contact (5.111)
[Jun] <0 on T§ (5.112)

[n-P]=0 on Tj (5.113)

where eqs. (BEIID) to (BII0) were already formulated in section and egs.
ETTD) to (EII3) guarantee no interpenetration where toy = n- P - n is the
normal traction and ¢y, is the traction acting in tangential direction of the crack.
The inequality (EI12) with [uy] =u’-n™ = u™ -n~ < 0 guarantees that the
crack surfaces do not interpenetrate in the case of crack closure and eq. (EIT3)
ensures traction continuity. The superimposed plus and minus sign indicates the
different sides of the crack surfaces. Note that it is often assumed that n™ = n~
though this assumption is not mandatory.

If the Lagrange multiplier method is used to enforce no-interpenetration
conditions of the adjacent crack surfaces, the weak form of the equilibrium
equation reads:

/ (V®5u)T:PdQOf/ 5u~bonf/
QO Qo r
(5.114)

where it is sufficient to chose C~! approximation functions for the Lagrange

multiplier field if the approximating functions for the test and trial function are
0.

(511472() dF0+5/ A [[UN]] dro ZO

t c
0 FO
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Cracking criteria in LEFM

Let us consider a specimen that has a pre-crack or a notch and we are interested
if the pre-crack will propagate (or not) under a certain stress state. There are
basically four major cracking or crack propagatiorﬁ criteria in LEFM:

e Maximum hoop stress criterion or maximum principal stress criterion
e Minimum strain energy density criterion, Shih [lﬁ]
e Maximum energy release rate criterion, Wu [IZ]

e The zero Ky criterion (Vanishing in-plane SIF (K;;) in shear mode for
infinitesimally small crack extension), Goldstein and Salganik [24]

The first two criteria predict the direction of the crack trajectory from the
stress state prior to the crack extension. The last two criteria require stress anal-
ysis for virtually extended cracks in various directions to find the appropriate
crack-growth direction. Note, that these criteria will give only the orientation
of the crack but not its length. To determine the crack length, these criteria
have to be checked in different distances around the crack tip. Often a constant
crack propagation speed is assumed. In computational LEFM, the first of the
above mentioned criteria is mostly used. The crack is propagated in an angle of
0. from the crack tip.

In the maximum hoop stress or maximum principal stress criterion, a crack
is oriented perpendicular to the direction of the maximum principal stress. The
maximum circumferential stress ogg, often called hoop stress, in the polar co-
ordinate system around the crack tip corresponds to the maximum principal
stress and is given for a crack propagating with constant velocity v. by:

LS Kir pr
= L 10,0, 0,v. 5.115
090 \/ﬁfh( v )+ \/ﬁ h ( v ) ( )

where the functions f/ and fI! represent the angular variation of stress for
different values of crack-tip speed v.. When the maximum hoop stress is larger
equal a critical hoop stress og,, then the crack is propagated in the direction
perpendicular to the maximum hoop stress. For pure mode I fracture, o, is
given by

Ky
V2rr

with the fracture toughness K7 that is obtained from experiments. The local
direction of the crack growth is determined by the condition that the local shear
stress is zero that leads to the condition:

oy = (5.116)

Kysinf. + Ky (3cosf. —1) =0 (5.117)

8Note that crack initiation cannot be modeled with the criteria mentioned here
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that results in the crack propagation angle

K;—/K?+8K?
962arctan< ! it H) (5.118)

4K 11

Diagonalized mass matrix

Methods that are based on an explicit time integration generally use a diagonal-
ized mass matrix that is obtained by a simple row-sum technique. A diagonal-
ized mass matrix facilitates the solution of the system of equations enormously.
However, if additional degrees of freedom are introduced as in XFEM, it can
be shown that a standard row-sum technique will lead to an erroneous lumped
mass matrixfl. A row-sum technique for standard XFEM can be obtained based
on the assumption that for a rigid body motion, the discrete kinetic energy has
to be exact. A lumped mass matrix can then be obtained by:

m 1 9
g = —— ——— dQ) 5.119
Mdiag Nnodes meS(Qel) /Q w ol ( )

el

where (). is the element being considered, m is its mass, mes({2),; its length,
Nnodes the number of nodes in € and v is the enrichment function. If the
step function is used, the mass matrix can be diagonalized by one of these two
procedures:

lumped __ consistent
M;; = Z M7 , Or
J

. d M??nsistent

umped __

M7; = miZ Measisient (5.120)
7 ’

One difficulty with a diagonalized mass matrix in an XFEM formulation is that
the critical time step At < At. = 2/wWpaqs is reduced drastically when a crack
is located close to a noddld. Within the approach proposed above, the critical
time step is not diminished so drastically when the discontinuity is close to a
node; drastically means by a factor around 2 (compared to the CFL criterion of
the element without discontinuity). Note that the lumping procedure is slightly
different when the Heaviside function is used as enrichment.

Example Let us consider a one-dimensional element with two nodes. The
approximation is given by

uh(X) = N1 up + N1 ¢1 ap + N2 U9 + N2 ¢2&2 (5121)
and the lumped mass matrix of the element by

m; 0 0 0
0o om0 0
Mlumped - 0 0 ms 0

0 0 0 my

(5.122)

9Note that for the Hansbo-Hansbo XFEM, a standard row sum technique is sufficient
10Note that wmag is the largest solution of det (K —w M) where K is the stiffness matrix
and M the mass matrix
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The coefficients m; have to be determined such that E,?m =0.5u” Miumped 1

equals Fy;n, = 0.5 fQ 0 v2 dQ). Let us consider that the element moves with a
constant velocity 11 in the same direction. Hence, we set a equal zero and obtain

Bl = 0.5 (my 6 4 my 03) = 0.5 6° (my + ma) (5.123)
and obtain with Ey;, = 0.5 m i = Eﬁm that m; = mo = 0.5 m where m is
the mass of the element. Next let us consider the separation of the element into
two parts, i.e. 1 = a¢;(x). Thus, we set 1 equal zero and obtain

Ep, =05 (mg ai +myq a3) = 0.5 a% (mg + ma) (5.124)

and
Eyin =0.5 0 52/ Y7 dQe (5.125)
Qet
so that finally the mass mg and my4 are
m 2
— = Q. 5.126
My == /QEZ Y7 dSer ( )

Let us now determine the minimal critical time step for the one-dimensional
XFEM element and compare it to the critical time step of a standard element.
If the length of the element is denoted by [, the linear shape function can be
given by

(5.127)

The consistent mass matrix and the stiffness matrix of the standard element is
given by

1/3 1/6

6 13 (5.128)

MFEQAZ[

| eeEA 4 ]

l -1 1
where F is the Young’s modulus and A the cross section. The critical time step
is easily computed by

2 4
A = =1/=—= 12
le.FE o l Y (5.129)
With the lumped mass matrix
lumped 1/2 0
My oAl [ 0 1/2 (5.130)

the critical time step is

Atgpg = l\/ = VBAle (5.131)
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Now, let us study the critical time step for the XFEM approximation. The
discontinuity is located at position s and with the generalized step function
centered in s, the approximation of the displacement field is

u"(z) = Ni(z) ug + Ni(z) S(z —s) ay
+  Na(z) ug + Nao(z) S(x — s)ag (5.132)

and the consistent mass matrix and stiffness matrix

1/3 1/6
- 1/6 1/3
Mxpen = 0 AL} 5o o0y 1/3-2/3s 1/6 — 5% 42/3s°
1/6 — s* +2/3s3 1/3-21
252 — 25 +1/3-2/3s% 1/6 —s%+2/3s3
1/6 — s? +2/3s3 1/3—-2/3s3
1/3 1/6 (5.133)
1—2s 2s — 1
1/6 1/3
1 -1 1-2s 2s—1
EA| -1 1 2s—1 1-2s
Kxpem == 1-2s 2s—1 1 ~1 (5.134)
2s—1 1-2s —1 1
The lumped mass matrix for the XFEM approximation is
1000
MYFpEar =050 AL o 0 1 o (5.135)
0001

The critical time step for the XFEM-approximation depends on the location
of the discontinuity s in the element. The smallest critical time step is ob-
tained when the discontinuity is located at x = 0 or x = [. For the consistent
XFEM mass matrix, the critical time step goes to zero when the discontinu-
ity approaches 0 or [ while the critical time step at x = 0 and z = [ for the
lumped XFEM mass matrix is Atlg;(nﬁe]gM = %At?f}”ﬁed. Hence, even when
the discontinuity is located very close to a node, the critical time step is not
destroyed. In contrast, for the Hansbo-Hansbo approach, a standard row sum
technique can be employed. However, the critical time step will tend to zero
when the discontinuity approaches a node. In practice, a certain minimum mass
is assigned to a node such that the computation can be proceeded.

Limitations

For particular discretizations and crack configurations, the XFEM approxima-
tion cannot accurately represent the discontinuity in the near-tip displacement
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be accurately represented by the standard XFEM approximation. Dots denote
single enriched nodes and squares denote double (in our case, the node will
contain the enrichment of two crack tips) enriched nodes; c) the dashed line
shows the effective crack length; d) even if no crack tip enrichment is used, in
order to close the crack within a single element, no nodes have to be enriched

with a step function
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fields. Difficulties occur for the non-physical case of too close parallel cracks
(within a single element) and when the extent of the crack approaches the sup-
port size of the nodal shape functions. Then, the asymptotic branch functions
for each tip may extend beyond the length of the crack, resulting in a non-
conforming approximation. Although the XFEM approximation is capable of
representing crack geometries that are independent of element boundaries, it
also relies on the interaction between the mesh and the crack geometry to de-
termine the sets of enriched nodes. This leads to particular crack configurations
that cannot be accurately be represented by eq. ([E&Z). Such cases are shown
in figure 23 As the crack size approaches the local nodal spacing, the set S,
of nodes for the Heaviside or step enrichment is empty, figure E2Z3b. Moreover,
node 1 for the cracking case in figure BEZ3h or nodes 1 to 4 for the cracking
case in figure Z2Z3b, respectively, contain two branch enrichments. Thus, the
standard approximation gets difficulties with this crack configuration since the
discontinuous function v/2sin(#/2) extends too far. This problem always arises
when one or more nodal supports contain the entire crack geometry. Usually,
this kind of problem arises whenever a crack nucleates. Similar difficulties occur
for approximations without any crack tip enrichment, see figure ZZ3d. In order
to close the crack within a single element, the set 8. is empty as well. One
solution is to refine the mesh locally such that the characteristic element size
falls below that of the crack. An admissible crack configuration is shown in

figure B224K.

Tracking the crack path

There are numerous ways to track the crack path and to represent the crack
surface. The crack surface can be represented explicitly, meaning by introduc-
ing another mesh for the crack surface. Most commonly, the crack surface is
described by piecewise linear crack segments though it is also possible to de-
scribe the crack surface smoothly, e.g. with B-splines or NURBS (Non uniform
rational B-Spline). The crack surface can also be described implicitly with the
help of level sets or signed distance functiondT]. Crack path tracking algorithms
can be classified into three classes: global methods, local methods and the level
set method.

The basic idea of the global crack tracking procedure is to define a linear
thermal problem to be solved each time step of the original mechanical problem.
Therefore, two vector fields a and b are introduced that have to fulfill the
following condition:

a-nozb-non (5136)

where ng is the crack normal in the initial configuration. The family of surfaces,
enveloping both vector fields a and b can be described by a temperature-like

1INote that if the same approximating functions are used for the level set and the physical
properties, meshfree methods are well suited for describing curved cracks due to their higher
continuous shape functions
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Figure 5.24: Admissible crack representation

function T(X) if

a-VO‘T:VO‘I-a:O inQO
b-VoT =VeT-b=0 in Qo (5.137)

holds. Eq. (EEIZD) can be rephrased as an anisotropic heat conduction problem.
The drawback of this method is that the heat conduction problem has to be
solved at every time step, that makes the method computationally expensive.

With local crack tracking algorithms, the alignment of the crack surfaces
is enforced with respect to its neighborhood. Local crack tracking algorithms
are usually characterized by recursively "cutting" elements and are especially
effective in three dimensions.

As mentioned earlier, the original level set method is not well suited to track
the crack path. First, the zero level set must be updated behind the tip to take
into account the fact that once a material point is cracked, it remains cracked.
Second, the level set functions are not updated with the speed of an interface
in the direction normal to itself but with the speed at the crack fronts. Hence,
the equations for updating the interface

%+V~V¢:O (5.138)

ot
cannot be adopted to model crack propagation. And third, the crack is an open
surface that grows from its crack front. Therefore, an additional level set has to
be introduced to be able to completely describe the crack surface. This addi-
tional level set function (at the crack tip) is perpendicular to the original level
set function (and perpendicular to the current crack front) and hence has to
be updated as well. The accuracy of the crack surface representation depends
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on the discretization (shape functions) of the level set functions. Usually, the
same discretization is employed for the mechanical properties and the level set
function that makes the method very attractive and elegant from an implemen-
tational point of view. If highly curved cracks occur, linear finite element shape
functions will fail to represent the crack surface exactly. Note, that a reinitial-
ization is necessary after updating the level set functions to ensure that the zero
level set function remains the signed distance function.

Crack propagation with level sets can be modelled by different techniques
that can be classified into four groups. In the first group, the level set is up-
dated by the solution of differential equations, similar to eq. ([EI38) where the
level set functions are the unknowns. These methods require the discretization
of the level set functions. The second group is defined on algebraic relations
between the coordinates of a given point, the coordinates of the crack front and
the crack advance vector. The Vector level set method is defined in terms of
geometric transformations. In the vector level set method, the distance to the
crack surface is stored in addition to the signed distance function. This facili-
tates implementation since there is no need to solve a PDE to update the level
set. The last class of methods are based on algebraic and trigonometric equa-
tions involving the initial value of the level set functions and the crack advance
vector. Some of them also require the description of the crack front.

The level set technique couples well for methods that use a crack tip en-
richment since they can be exploited to compute the distance to the crack
front r = \/¢? + 19?2 where 1 is the level set perpendicular to ¢ and the an-
gle 6 = arctan(¢/v), see figure The level sets are especially useful for the
approximation of # since they guarantee that § = +7 on the crack surface since

¢ =0.

Non-matching meshes

As stated before, one big advantage of tracking the crack path with level sets
is that no explicit representation of the crack geometry is needed. The level set
can be approximated with the same shape functions as the mechanical proper-
ties. However, in certain cases, this approximation might not be sufficient. For
example, if the "usual" mesh is described with linear finite element, then the
curvature of the crack might be not represented accurately enough for certain
applications. In this case, the level set is approximated with differentd shape
functions and a different mesh that is non-conforming with the "usual" finite
element mesh.

Then, the mechanical model will provide the crack orientation and crack
length. Update, reinitialization and orthogonalization can be done on the
"usual" mesh. The crack update is made by solving the Hamilton-Jacobi equa-
tion at each point of the "level-set mesh". Once the new level set functions are
determined, a projection is needed to give their value on the "usual" mesh. In

12ie. with triangular elements

13in that case higher order shape functions
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order to keep projection errors small, the size of the level-set mesh should be of
the order of the "usual" mesh.
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Chapter 6

Other Methods

6.1 EXtended meshfree methods

EXtended meshfree methods basically have the same structure as the XFEM.
One major difficulty in extended meshfree methods is the closure of the crack
at its crack tip due to the strong overlapping of the meshfree shape functions,
see figure The simplest way to ensure that the crack closes at its tip is
with the use of branch functions. Another opportunity is to modify the support
size of the nodes close to the crack tip such that its domain of influence will
be cut completely as shown in figure The domain of influence of node 1 is
completely cut by the crack and it is enriched by the sign function. Crack tip P
is located inside the domain of influence of node 2 which is partially cut. The
shape function ®; for the discontinuous displacement is scaled down so that the
crack tip is positioned at its edge as shown in the figure, i.e.

5(X) = p'(X)- A*(X)"" - D*(X,) (6.1)

A*(X) = p(X,) pT (X;) W(Fy; h*) (6.2)
J

D*(X;) = > p(X,)W(ry; h*) (6.3)
J

in which the asterisk denotes the modification for the crack tip and h* is the
modified size of the domain of influence. Note that the shape function for the
continuous displacement remains unchanged.

The domain of influence of node 3 is also partially cut and the shape function
may be shrunk, too. However, the node is not enriched since it is very close to
the crack tip and the shape function becomes very small compared to others
after it is modified and the approximation for the discontinuous displacement
field becomes bumpy. Therefore, when the domain of influence of a node is
partially cut, we enrich the node if the support of the shape function includes
at least one enriched node after it is modified. Node 4 is not enriched because
the shape function becomes not cut by the crack as it is modified.
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]

o : enriched node for the crack tip [ [ °
o : unenriched node

(a) (b)

Figure 6.1: a) XFEM enrichment such that the crack closes at its crack tip and
b) the problematic of crack closure in meshfree methods

One drawback of the method is that the crack appears to be shorter for
particles close to the crack and the crack tip. Instead of modifying the shape
function of the node of which domain of influence is partially cut, we may
consider the use of the Lagrange multiplier method. If only the sign function
enrichment is used, there is the extension of discontinuity I'c cxt beyond the
crack tip; see Fig. To model the crack, the discontinuity on I'¢ ¢x¢ should
vanish. Because the condition should be satisfied along a line, not at a point,
the Lagrange multiplier must be discretized, too. To avoid introducing another
nodes for the discretization, the same shape functions as those partially cut by
the crack can be used.

6.2 Embedded elements

In 1987, Ortiz et al. [lﬁ] modified the approximation of the strain field to cap-
ture weak discontinuities in finite elements to improve the resolution of shear
bands. Therefore, they enriched the strain field to obtain the kinematic rela-
tions shown in figure E4h. Based on this idea, Belytschko et al. [lﬁ] allowed
two parallel weak discontinuity lines in a single element, figure Edb, so that
the element was able to contain a band of localized strain. Dvorkin et al. [lﬂ]
were the first who developed a method that was able to deal successfully with
strong discontinuities in finite elements. The class of embedded elements was
born. The name comes from the fact that the localization zone is embedded in a
single element, see figure E4k. This way, crack growth can be modeled without
remeshing. This class of methods are much more flexible than schemes that
allow discontinuities only at element interfaces, and it eliminates the need for
continuous remeshing. As in XFEM, embedded elements introduce additional
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Figure 6.2: Decreasing the support size to close the crack at its crack tip

unknowns into the variational formulation. However, the enrichment is on the
element level. This has the advantage, that the additional unknowns can be
condensed on the element level, so that discontinuities can be captured only
with very small changes of the existing code. The drawback is that embedded
elements are less flexible than XFEM. The crack can only open piecewise con-
stant. Moreover, the crack can be propagated one element at a time. A typical
crack representation for embedded elements are shown in figure Note, that
in embedded elements, a tip enrichment cannot be employed as is XFEMH since
the crack opens piecewise constant.

The first version of embedded elements is often called statical optimal sym-
metric (SOS) since traction continuity is fulfilled but it is not possible to capture
the correct crack kinematics. It has been shown, that SOS formulations lead
to stress locking, i.e. stresses are transmitted across the crack even if the crack
is wide open. The kinematical optimal symmetric (KOS) version by Lofti and
Shing m] ensures the correct crack kinematics but violates the traction conti-
nuity condition. Consequently, the criteria for the onset of localization written
in terms of stresses in the bulk are no longer equivalent to the same criteria

ldue to the lack of a crack tip
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Figure 6.3: The discontinuity I'c cxt beyond crack tip P when nodes are enriched
by using only the sign function.

written in terms of the tractions on the discontinuity area; e.g. for the Rankine
criterion, the normal traction at the onset of localization should be equal to the
tensile strength and the shear traction should be zero. This cannot be prop-
erly reproduced by the KOS formulation. The kinematical and statical optimal
non-symmetric (KSON) version of embedded elements [27] guarantees traction
continuity and the appropriate crack kinematics but leads to a non-symmetric
stiffness matrix with all its disadvantage with respect to solving the linearized
system of equations.

In embedded elements, the approximation of the displacement field is given

S L S

Figure 6.4: Element with a) one weak discontinuity, b) two weak discontinuities,
¢) one strong discontinuity
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——
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— o
) b)

Figure 6.5: a) Piecewise constant crack opening in embedded elements and b)
linear crack opening for linear XFEM

by:

u'(X) = 3" Ny(X) 1+ MO (X) [a)? (X)] (6.4)
Ie8

where 1 is the usual approximation, @ is the enrichment and the superimposed
"(e)" indicates the enrichment on element level. In other words, only one addi-
tional degree of freedom in every coordinate direction is introduced per element.
Let us consider a linear quadrilateral element for example. In XFEM, this ele-
ment, would have 4 additional degrees of freedom in every coordinate direction,
i.e. 8 additional degrees of freedom while in embedded elements only one ad-
ditional degree of freedomfl in every coordinate direction is introduced. The
function M is given by

0 V(e) ¢ S

HY — p©) V(e) € S

M (X) = (6.5)

NS
P = 3 NF(X)

where Hj is the step function acting on the crack line S and N is the number of
nodes of element (e) that belong to the domain Q, see figure £ By standard
differentiation, the discontinuous strain field is obtained:

(e)
e"(X) = IEZ; (VoNi(X) @ @)~ (Vp'© @ [af (X)]])ﬂ% (e (xne n)s
(6.6)

where the superimposed S denotes the symmetric part and the term nge)/k is a

2This enrichment is inherent of the element
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regularized Dirac delta function and nge) is a collocation function defined as

@ [ 1 vXeSk

s _{ 0 WX ¢ Sk 6.7

with the thickness k of the localization band. Considering the equilibrium equa-
tion in elastostatics and with the trial and test function of the structure of (G4),
the discrete equations in matrix form can be written as

Kl K ] ( W0 )
© pele) 1 (=) 0o (6.8)
Kio Kaa [a;"1
with
K¢ = / B” C B d
Qo
K — / B” C B dQ
Qo
K — / B” C B dQ
Qo
K'Y = / BT C B dQ (6.9)
Qo
where C is the elasticity tensor, B is the B-operator defined earlier,
ap(e)
K
Ve =| 0o 2% (6.10)
8p(6) 8pg‘)
oy ox
ng 0
n® =10 n, (6.11)
ny Ny

and B is the B-operator of the enrichment that depends on the embedded ele-
ment formulation (SOS, KOS or KSON). For the KSON formulation, B, # B,
that will result in a non-symmetric stiffness matrix. For the SOS and KOS

formulation, E* = B. The elemental enrichment [[ﬁge)]] can be condensed on
the element level:

—1
] = - k5] K9 a© (6.12)

that leads with the expression for [[ﬁge)]] to the system of equations of the type
Ku=f (6.13)
with

K=K — Kiz K:! Kua (6.14)

at
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Figure 6.6: Embedded element cut by a discontinuity S

The embedded element formulation is proposed in different format, starting from
the extended principle of virtual work over Hellinger Reissner to Hu-Washizu
variational principle, using an enhanced assumed strain (EAS) or B-bar format.

6.3 Interface separation models

Standard finite elements will generally have difficulties to capture the crack
kinematics since they use continuous trial functions that are not particularly well
adapted for solutions with discontinuous displacement fields. Therefore, it is not
surprising that the first models capable of describing the crack are the so-called
interelement — separation methods. In these methods, cracks are only allowed
to develop along existing interelement edges. This endows the method with
comparative simplicity, but can result in an overestimate of the fracture energy
when the actual crack paths are not coincident with element edges. The results
depend severely not only on the mesh size (and form of the chosen element) but
also the mesh bias that can be compensated only by computational expensive
remeshing. Furthermore, it has been noted that the solutions sometimes depend
significantly on mesh refinement. This sensitivity has been mollified by adding
randomness to the strength, as in Zhou and Molinari [@] and Espinosa et al. M]
though such corrections are not yet understood. Nevertheless, many interesting
problems have been studied by this method.

There are basically two types of interlement separation models. The Needleman-
group introduces (initially inactive) cohesive surfaces at the beginning of the
computation. This method is from the implementational point very simple but
suffers from all the drawbacks mentioned above. The interelement separation
models of Ortiz use remeshing and adaptive insertion of cohesive segments in
the course of the simulation. This technique is more accurate but computa-



144 CHAPTER 6. OTHER METHODS

tionally expensive (because of the remeshing) and from an implementational
point of view more burdensome. Moreover, errors are introduced because of the
mapping that is needed during remeshing.
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