












Changing PI 
Input 

Error 

Output 

Error 

Reduced 

Error 

%Reduc. 

Error 

V
F
C
T
  (a) Naive 

1.5555 

1.4683 0.0872 74.7% 

(b) Improved  1.4465 0.1090 93.4% 

(c) Optimal  1.4388 0.1167 100.0% 

IE
 

(a) Naive 

10.0569 

9.8958 0.1611 34.8% 

(b) Improved  9.6462 0.4107 88.6% 

(c) Optimal  9.5934 0.4635 100.0% 

Editing TF 
Input 

Error 

Output 

Error 

Reduced 

Error 

%Reduc. 

Error 
V
F
C
T
  (a) Naive 

5.6433 

5.5913 0.0520 33.7% 

(b) Improved  5.4981 0.1452 94.2% 

(c) Optimal  5.4892 0.1540 100.0% 

IE
 

(a) Naive 

26.2268 

26.0345 0.1923 13.1% 

(b) Improved  25.0328 1.1940 81.6% 

(c) Optimal  24.7629 1.4639 100.0% 

Table 3: Comparing incremental selection algorithms with respect to our error metric E(cut) for the case 
that the point of interest (PI) is continuously moved through the volume and during editing of the transfer 
function (TF). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9: Comparing cut update selection algorithms. (a) Reference image at full resolution. (b,c) Images 
generated with (b) naive approach and (c) the improved approach. (d) Pixel-wise error in CIELUV color 
space for the naive approach. E(cut) =10.84 and the average pixel distortion is 9.834. (e) Pixel-wise error 
for the improved approach. E(cut)=10.69 and the average pixel distortion is 7.975. Both approaches start 
from a fixed cut, and the resulting images (b,c) were generated after applying the corresponding split-and-
collapse algorithm toward the next frame. 
 

    
          (a)                                                     (b) 
Fig. 10: The views used for evaluating the influence of adaptive sampling and early ray termination. (a) 
Pulmonary area of the Angio dataset, viewed from the top. (b) VF8b dataset. In both cases, the ROI has 
been zoomed to fit into the viewport of 1024x768 pixels. 
 
 We evaluated and compared the described acceleration techniques in our multi-resolution framework. 
Fig. 10 shows two images generated with adaptive sampling based on opacity and early ray termination. 

(a) (b) (c) (d) (e) 



Quantitative results are shown in Table 4, comparing the frame rate (frames per second) for all cases. Our 
implementation of early ray termination improves the frame rate typically between 20% and 50%. 
Adaptive sampling based on LOD is typically faster than adaptive sampling based on opacity. However, 
the former pronounces the difference between adjacent bricks with different LODs (see Fig. 5), and 
images generated with the latter are very similar to constant sampling. 
 

Dataset 
Early Ray 

Termination 
Constant 

Adaptive 
Opacity 

Adaptive 
LOD 

Angio 
No 3.66 fps   8.26 fps    7.15 fps 
Yes 9.06 fps 11.48 fps 14.65 fps 

VF8b 
No 7.66 fps   8.84 fps 18.88 fps 
Yes 7.83 fps   9.38 fps 20.25 fps 

Table 4: Frame rates for different acceleration technique configurations. 
 
 Table 5 shows the calculation times of the 3D pre-integration tables for different levels of quantization 
(n) of the transfer function. We selected two extreme transfer functions for this test: one with high 
frequencies (Fig. 8b), and a simple, almost linear function (Fig. 8a). We requested a precision of seven 
exact decimals for the computation of the small integrals using adaptive Simpson integration [33]. The 
optimization introduced in this work reduces the computing time by about 40% for the full exponential 
table, and by about 35% for the uniform table. Even though the TF of the IE dataset contains higher 
frequencies than the TF of VF8b, the computing time is shorter for IE because the function support is 
shorter (i.e. sub-domain of the TF where the absorption is not zero). Pre-integration tables exceeding 2GB 
of contiguous memory could not be computed in this test due to platform limitations.  
 

TF  N 

Exponential Table 

kn2 entries 

Uniform Table

 2kn2 entries 

Naive  Optim. %Impr. Naive  Optim. %Impr. 

IE
 (
k=
7)
 

64  0.0434 0.0255 41.19 1.1300 0.7550 33.19 

128  0.1703 0.1024 39.88 3.4770 2.2340 35.75 

256  0.5800 0.3568 38.48 10.9740 7.1810 34.56 

512  2.3410 1.4480 38.15 42.7290 28.1910 34.02 

1024  9.5290 5.8920 38.17 ‐‐  ‐‐  ‐‐ 

2048  38.9140 24.3940 37.31 ‐‐  ‐‐  ‐‐ 

V
F
8b
 (
k=
9)
 

64  0.0975 0.0526 46.10 88.828 53.719 39.52 

128  0.3035 0.1783 41.25 208.674 136.875 34.41 

256  0.9878 0.5920 40.07 497.388 326.157 34.43 

512  3.7490 2.2440 40.14 ‐‐  ‐‐  ‐‐ 

1024  14.6820 8.8280 39.87 ‐‐  ‐‐  ‐‐ 

2048  59.2190 35.5540 39.96 ‐‐  ‐‐  ‐‐ 

Table 5: Comparing the naive approach to the optimized approach for calculating a 3D pre-integration 
table. Computing time is given in seconds. 
 
 While the tests shown in Table 5 updates k or 2k two-dimensional tables, we can limit the step width 
to h=8, such that no more than nine 2D tables are required, reducing the memory consumption and the 
response time. Moreover, if the transfer function is being edited, we switch to constant sampling mode, 
which requires a single pre-integrated 2D table of 256x256 entries to ensure interactive response. Such a 
table is computed in about 0.05 seconds in our tests. 
 
7.   Conclusions and Future Work 
 
The split-and-collapse algorithm is the first interactive approach for an error-controlled cut update of a 
multi-resolution volume representation, which considers the necessary constraints for real-world 
applications. We also developed an optimal polynomial-time cut update algorithm and used it to 
benchmark the greedy split-and-collapse algorithm. The results provide empirical evidence that the split-
and-collapse cut update algorithm performs very close to the optimal algorithm for a variety of test 
datasets. Furthermore, we suggest that out-of-core handling can be better supported by an extended cut in 
main memory instead of the commonly used LRU strategy. For using pre-integration in combination with 
adaptive sampling in a hierarchical volume representation, a 3D pre-integration table is necessary. We 
show that such a 3D pre-integration table can efficiently be computed by reusing already calculated 
integrals between 2D tables in addition to reusing small integrals for each diagonal of each 2D table. 



 Our implementation of the split-and-collapse algorithm in our multi-resolution volume rendering 
framework supports GPU-based ray casting including opacity-based adaptive sampling, early ray 
termination and pre-integration. The system performs in real time for common interaction tasks, including 
transfer function changes, roaming and viewpoint changes. The complexity analysis shows that the split-
and-collapse algorithm and the out-of-core techniques do not depend on the dataset size, but on the actual 
working set size, which enables our framework to handle in principle arbitrarily large datasets. 
Compression techniques (e.g. wavelet tree [9]) have the potential to make better use of the available 
bandwidth of the out-of-core layer. Multi-resolution rendering artifacts can be ameliorated by using a 
one-brick wide transition zone as suggested in [35]. These smooth transitions require contiguous levels of 
detail of adjacent bricks and thus a restricted octree cut, which could be enforced by considering this 
constraint during the split-and-collapse operations. 
  The split-and-collapse algorithm could be used in other contexts as well, where a continuously 
changing approximation of a multi-resolution dataset is required. The algorithm can also be extended to 
work for 4D datasets, where it is crucial to use the available memory and bandwidth resources in the best 
possible way. However, animated transitions between two temporal cuts would need to be performed to 
enable smooth animations. Particularly in this case but also for static volumes, temporal occlusion 
coherence [34] can be considered by the split-and-collapse algorithm to exclude occluded areas from 
rendering and focus the resolution on visible areas.  

Acknowledgment 

 
We are thankful to Jorge Bernadas for all his suggestions regarding the optimal polynomial-time cut 
update algorithm. The second author thanks the VRGeo consortium for its continuous support. We also 
thank the associate editor and the reviewers for their patience and numerous suggestions. 
 
References 
 
[1] E. LaMar, B. Hamann and K.I. Joy. Multiresolution Techniques for Interactive Texture-Based Volume 

Visualization. Proc. IEEE Visualization '99; 1999, p. 355-362. 
[2] P. Ljung, C. Lundström and A. Ynnerman. Multiresolution Interblock Interpolation in Direct Volume 

Rendering. Proc. EUROGRAPHICS/IEEE-VGTC Symposium on Visualization '06; 2006, p. 256-266. 
[3] C. Wang, A. García and H.-W. Shen. Interactive Level-of-Detail Selection Using Image-Based Quality Metric 

for Large Volume Visualization. IEEE Transactions on Visualization and Computer Graphics, Vol. 13, No. 1; 
2007, p. 122-134. 

[4] J. Plate, M. Tirtasana, R. Carmona and B. Froehlich. Octreemizer: A Hierarchical Approach for Interactive 
Roaming Through Very Large Volumes. Proc. EUROGRAPHICS/IEEE TCVG Symposium on Visualization 
'02; 2002, p. 53-60. 

[5] C. Wang, J. Gao, and H.-W. Shen. Parallel Multiresolution Volume Rendering of Large Data Sets with Error-
Guided Load Balancing. Proc. EUROGRAPHICS Symposium on Parallel Graphics & Visualization '04; 2004, 
p. 23-30. 

[6] I. Boada, I. Navazo and R. Scopigno. Multiresolution Volume Visualization with Texture-based Octree. The 
Visual Computer, vol. 17; 2001, p. 185-197. 

[7] P. Ljung. Adaptive Sampling in Single Pass, GPU-based Ray Casting of Multiresolution Volumes. Proc. EURO-
GRAPHICS/IEEE International Workshop on Volume Graphics '06; 2006, p. 39-46. 

[8] H. Zhou, M. Chen, and M.F. Webster. Comparative Evaluation of Visualization and Experimental Results Using 
Image Comparison Metrics. Proc. IEEE Visualization '02; 2002, p. 315-322. 

[9] S. Guthe and W. Straßer. Advanced Techniques for High-Quality Multi-Resolution Volume Rendering. 
Computers & Graphics, vol. 28, no. 1; 2004, p. 51-58. 

[10] P. Bhaniramka and Y. Demange. OpenGL Volumizer: A Toolkit for High Quality Volume Rendering of Large 
Data sets. Proc. IEEE Symposium on Volume Visualization and Graphics '02; 2002, p. 45-54. 

[11] E. Lum, B. Wilson and K. L. Ma. High-Quality Lighting and Efficient Pre-Integration for Volume Rendering.  
Proc. EUROGRAPHICS/IEEE TCVG Symposium on Visualization '04; 2004, p. 25-34. 

[12] K. Engel, M. Kraus and T. Ertl. High Quality Pre-Integrated Volume Rendering Using Hardware-Accelerated 
Pixel Shading. Proc. ACM SIGGRAPH/EUROGRAPHICS Workshop on Graphics Hardware '01; 2001, p. 9-16. 

[13] S. Roettger and T. Ertl. A Two-Step Approach for Interactive Pre-Integrated Volume Rendering of Unstructured 
Grids. Proc. IEEE Symposium on Volume Visualization and Graphics '02; 2002, p. 23-28. 

[14] R. Grzeszczuk, C. Henn and R. Yagel. Advanced Geometric Techniques for Ray Casting Volumes. Course 
Notes No. 4, Annual Conference on Computer Graphics (SIGGRAPH '98), 1998. 

[15] P. Ljung, C. Lundström, A. Ynnerman and K. Museth. Transfer Function Based Adaptive Decompression for 
Volume Rendering of Large Medical Data Sets. Proc. IEEE Symposium on Volume Visualization and Graphics 



'04; 2004, p. 25-32. 
[16] S. Guthe, M. Wand, J. Gonser and W. Straßer. Interactive Rendering of Large Volume Data Sets. Proc. IEEE 

Visualization '02; 2002, p. 53-60. 
[17] L. Castani, B. Lvy and F. Bosquet. Volume Explorer: Roaming Large Volumes to Couple Visualization and 

Data Processing for Oil and Gas Exploration. Proc. IEEE Visualization ’05; 2005, p. 247-254.  
[18] P. Ljung, C. Winskog, A. Persson, K. Lundström and A. Ynnerman. Full Body Virtual Autopsies using a State-

of-the-art Volume Rendering Pipeline. IEEE Transactions on Visualization and Computer Graphics, vol. 12, No. 
5; 2006, p. 869-876. 

[19] M. Duchaineau. M, Wolinsky.  D.E. Sigeti, M.C. Miller, C. Aldrich and M.B. Mineev-Weinstein. ROAMing 
Terrain: Real-time Optimally Adapting Meshes. Proc. Visualization '97; 1997, p. 81-88. 

[20] T. Cormen, C. Leiserson, R. Rivest and C. Stein. Introduction to Algorithms, 2nd edition, MIT Press & 
McGraw-Hill, ISBN 0-262-03293-7; 2001. 

[21] C. Martínez. Partial Quicksort. Proc. 6th ACM-SIAM Workshop on Algorithm Engineering and Experiments 
(ALENEX) and the first ACM-SIAM Workshop on Analytic Algorithmics and Combinatorics (ANALCO), 
SIAM; 2004, p. 224-228. 

[22] W. Li, K. Mueller, and A. Kaufman. Empty Space Skipping and Occlusion Clipping for Texture-Based Volume 
Rendering. Proc. IEEE Visualization '03; 2003, p.317-324. 

[23] E. Gobbetti, F. Marton and J.A. Iglesias. A single-pass GPU ray casting framework for interactive out-of-core 
rendering of massive volumetric datasets. The Visual Computer, vol. 24; 2008, p. 797-806. 

[24] J. Krüger and R. Westermann. Acceleration techniques for GPU-based Volume Rendering. Proc. IEEE 
Visualization '03; 2003, p. 287-292. 

[25] N. Max. Optical Models for Direct Volume Rendering. Visualization in Scientific Computing, Springer; 1995, p. 
35-40. 

[26] J. Danskin and P. Hanrahan. Fast Algorithms for Volume Ray Tracing. Proc. Workshop on Volume 
Visualization '02; 1992, p. 91-98. 

[27] R. Kaehler, J. Wise, T. Abel and H.C. Hege. GPU-Assisted Raycasting for Cosmological Adaptive Mesh 
Refinement Simulations. Proc. Volume Graphics; 2006, p. 103-110, 144. 

[28] H.-F. Pabst, J. Springer, A. Schollmeyer, R. Lenhardt, C. Lessig and B. Froehlich. Ray Casting of Trimmed 
NURBS Surfaces on the GPU. Proc. IEEE Symposium on Interactive Ray Tracing; 2006, p. 151-160. 

[29] M. Kraus, W. Qiao and D. Ebert. Projecting Tetrahedra without Rendering Artifacts. Proc. IEEE Visualization 
'04; 2004, p. 27-34. 

[30] Visible Human Project®. http://www.nlm.nih.gov/research/visible/visible_human.html.  
[31] N. Mark and G. Jean-loup. The Data Compression Book. 2nd Edition, M&T Books, ISBN:1-55851-434-1, New 

York; 1995. 
[32] C. Rezk-Salama. Volume Rendering Techniques for General Purpose Graphics Hardware. Thesis dissertation, 

Erlangen-Nürnberg University, Germany; 2001. 
[33] R. Burden and D. Faires. Numerical Analysis. 7th edition, Brooks/Cole, ISBN: 0-534-38216-9; 2000. 
[34] J. Gao, H-W. Shen, J. Huang, and J.A. Kohl. Visibility Culling for Time-Varying Volume Rendering Using 

Temporal Occlusion Coherence. IEEE Visualization '04; 2004, p. 147-154. 
[35] R. Carmona and B. Fröhlich. Reducing Artifacts between Adjacent Bricks in Multi-resolution Volume 

Rendering. Springer-Verlag, Advances in Visual Computing, LNCS 5875; 2009, p. 644-655. 
[36] T. A. Funkhouser and C. H. Sequin. Adaptive Display Algorithm for Interactive Frame Rates During 

Visualization of Complex Virtual Environments. Proc. ACM SIGGRAPH '93; 1993, p. 247-254. 
 
Vitae 
 
 Rhadamés E. Carmona is an associate professor with the Computer Science department at Central 
University of Venezuela (UCV). He received his M.S. and Ph.D. degrees from UCV in 1999 and 2010 
respectively. His research interests include scientific visualization, imaging and visual computing. 
 
 Bernd Froehlich is currently a full professor with the Media Faculty at Bauhaus-Universität Weimar, 
Germany. From 1997 to 2001 he held a position as senior scientist at the German National Research 
Center for Information Technology (GMD), where he was involved in scientific visualization research. 
From 1995 to 1997 he worked as a Research Associate with the Computer Graphics group at Stanford 
University. Bernd received his M.S. and Ph.D. degrees in Computer Science from the Technical 
University of Braunschweig in 1988 and 1992, respectively. He has served as a program co-chair for the 
IEEE VR, 3DUI, IPT/EGVE and VRST conferences. He is also a co-initiator of the 3DUI symposium 
series and is the winner of the 2008 Virtual Reality Technical Achievement Award. His research interests 
include real-time rendering, visualization, 2D and 3D input devices, 3D interaction techniques, display 
technology and support for collaboration in co-located and distributed virtual environments. 


