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1 Title of Section (e.g. Introduction)

\section{Identification of Modal Parameters}
\label{sect-wave-rev-1}

Several attempts have been made in recent years to employ wavelet

analysis for the extraction of modal parameters of linear
time-invariant systems from measured data. In section

\ref{sect-wave-rev-1-1} methods that are based on continuous

wavelet transforms are summarised while section
\ref{sect-wave-rev-1-2} is concentrated on approaches that use

discrete wavelet decompositions.

\subsection{Methods Based on Continuous Wavelet Analysis}
\label{sect-wave-rev-1-1}

An approach for the identification of natural frequencies and

modal damping ratios by means of wavelet transforms of free
vibration response data with respect to the complex Morlet wavelet

$\psi \left( t \right) = e^{i \omega_{\psi} t} \, e^{- \frac{t^2}{2}}$

(section \ref{section-fund-3}) was proposed in \cite{Stasz1995},
\cite{Ruzzene1997} and \cite{Stasz2000}. As is common in modal

analysis (e.g. \cite{Ewins2000}, \cite{Maia1997}, \cite{Ibrahim1977a},

\cite{Heylen1997}, \cite{Stasz1995}), it is assumed that the system's

free vibration
response can be decoupled into contributions of $N$ single modes

$j$:

\begin{equation}
x \left( t \right) \, = \, \sum_{j = 1}^{N} \, A_j \, e^{-

\zeta_j \omega_{n_j} t} \; \sin \left( \sqrt{1 - {\zeta_j}^2}

\, \omega_{n_j} t \, + \, \phi_j \right) \;,
\label{eq-wr-1}

\end{equation}

where $A_j$ is the residue amplitude, $\zeta_j$ denotes the modal

damping ratio and $\omega_{n_j}$ and $\phi_j$ refer to the
undamped natural frequency and phase lag, respectively. The

wavelet transform of equation (\ref{eq-wr-1}) for $\phi_j = 0$ with

respect to the Morlet wavelet is \cite{Ruzzene1997}:
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Abstract
Wavelet analysis has been employed to numerous problems that belong to the general field of struc-
tural health monitoring in recent years. The scope of this article is to give an overview about the
current state of wavelet-based applications in structural health monitoring and damage detection by
means of dynamic structural tests.

A short introduction to wavelet analysis is followed by a selection of methodologies that were
suggested by several authors in the context of structural health monitoring and damage detection.
These algorithms concern the identification of modal system parameters, the identification of non-
linear and linear time-varying systems and the detection of presence or occurrence of structural
damage in a system. The results of many researchers work suggest a high potential of the mathem-
atical algorithms based on wavelet analysis. Nevertheless, most approaches are still on an academic
level. Further research is required to develop engineering tools that can be utilised for a standardised
assessment and health monitoring of structures.

1 Introduction
Wavelet analysis has been increasingly applied to a great variety of engineering problems that are
connected to the detection of structural damage and structural health monitoring in the last decade.
A large number of publications demonstrate the versatility of these applications.

Many of these applications deal with the identification of structural damage based on vibration
data that is acquired on a mechanical system. The considered systems range from rotating machinery
to large civil engineering structures. Accordingly, the specific problems and respective algorithms
are very manifold. While some approaches are focused on structural health monitoring analyzing
data acquired under service conditions other methods were developed for specific dynamic tests
which are performed, for example, in the context of regular inspections.

Section 2 of this article gives a compact introduction to wavelet analysis. The differences
between continuous and discrete wavelet analyses, multi-scale analysis, wavelet-packet analysis and
some essential terms that are important for the basic understanding of wavelet analysis are briefly
discussed. Several methodologies that concern the identification of modal parameters, the identific-
ation of non-linear and linear time-varying systems and the detection of presence or occurrence of
structural damage in a system are summarised in the following sections.

2 Wavelet Analysis – a Brief Introduction
In this section a brief introduction to wavelet analysis is given. Continuous wavelet transformation
is described before passing on to discrete wavelet transformation and wavelet packet algorithms
considering the one-dimensional orthogonal wavelet transformation.

1Post-Doc. Associated, volkmar.zabel@bauing.uni-weimar.de
2Research Assistent, maik.brehm@bauing.uni-weimar.de
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The one-dimensional wavelet transformation projects a signalf (t) into a two-dimensional
space.

W f
ϕ (a, b) = |a|−

1
2

∞∫
−∞

f (t) ψ∗
(
t− b

a

)
dt with

∞∫
−∞

ψ (t) dt = 0 , (1)

whereψ∗ (·) denotes the complex conjugate ofψ (·). From the mother waveletψ the dilated and
translated versions

ψa,b (t) = |a|−
1
2 ψ∗

(
t− b

a

)
(2)

are derived. These wavelets are usually oscillating, rapidly decaying functions. Generally, three
types of wavelet transformation can be distinguished:

• continuous wavelet transformation,

• discrete wavelet transformation, and

• discrete wavelet packet transformation.

Their basic fundamentals are briefly described in the following sections.

2.1 Continuous Wavelet Tranformation
For the continuous wavelet transformation, the waveletsψa,b can always be described by an ana-
lytical function. Both the scaling parametera and the translation parameterb change continuously
over R. It is excluded thata vanishes (a 6= 0). The continuous wavelet transform is defined by
equation (1). Equation (1) becomes

W f
ϕ (a, b) = |a|−

1
2

∞∫
−∞

f (t) ψ
(
t− b

a

)
dt , (3)

if ψ
(
t−b
a

)
is a real function that satisfies the admissibility condition

0 < Cψ = 2π

∞∫
−∞

|ψ̂ (ω) |2

|ω|
dω < ∞ , (4)

whereψ̂ (ω) denotes the Fourier transform ofψ (t). The inverse of the continuous wavelet transform
for real wavelets is given by

f (t) =
1
Cψ

∞∫
−∞

∞∫
−∞

1√
|a|

W f
ϕ (a, b)ψ

(
t− b

a

)
dadb
a2

. (5)

A waveletψ is called of orderg ∈ N [27] if its mean value and the firstg − 1 moments vanish:
∞∫

−∞

tk ψ (t) dt = 0, k = 0, 1, 2, . . . , g − 1 , (6)

and if thegth moment is finite and non-zero:
∞∫

−∞

tg ψ (t) dt 6= 0 . (7)

Some of the most often applied wavelets are the Haar wavelet and the Morlet wavelet. For detailed
derivations and further descriptions the authors kindly refer to the literature (e.g., [12], [14], [22],
[27]).
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2.2 Discrete Wavelet Transformation
The multiresolution analysis is the fundamental approach of discrete wavelet transformation. There
a signalf ∈ V−1 ⊂ L2(R) is separated into a high and a low frequency part. The low frequency
part is the projectionP0f into a lower level spaceV0. The complement ofV0 concerningV−1 is the
spaceW0, whereas the projection off intoW0 isQ0f . In this context, a signalf ∈ V−1 ⊂ L2(R)
is defined by

f = P0f +Q0f resp. V−1 = V0 ⊕W0. (8)

Due to the recursion algorithm for each approximationPjf ∈ Vj ⊂ L2(R) follows

Pjf = PJf+
J∑

k=j+1

Qkf resp. Vj = VJ ⊕
J⊕

k=j+1

Wk

∀ j, J ∈ Z andJ > j.

(9)

Consequently, the multiresolution analysis ofL2(R) is an ascending sequence of closed subspaces
Vj ⊂ L2(R) [27]:

0 ⊂ . . . ⊂ V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ . . . L2(R) (10)

with the properties⋃
j∈Z

Vj = L2(R), f(·) ∈ Vj ⇔ f(2j ·) ∈ V0⋂
j∈Z

Vj = {0}, f ∈ Vj ⇔ f(· − 2jk) ∈ Vj , ∀ k ∈ Z .
(11)

Thus, the spacesVj are dilated and translated versions of the basic spaceV0. Vj = span{ϕj,k}k∈Z
andWj = span{ϕj,k}k∈Z are defined by the scaling functionsϕj,k and waveletsψj,k, respectively.

ϕj,k(t) :=
√

2−j ϕ(2−jt− k) , ψj,k(t) :=
√

2−j ψ(2−jt− k) (12)

Sinceϕ ∈ V0 ⊂ V−1 the scaling functionϕ and the waveletψ satisfy

ϕ(t) =
√

2
∑
k

hk ϕ(2t− k) and ψ(t) =
√

2
∑
k

gk ϕ(2t− k) , (13)

where{gk}k∈Z and{hk}k∈Z are series that follow the conditions∑
k

hk−2l hk−2m = δlm ,
∑
k

hk =
√

2 , gk = (−1)khp−k with a fixed oddp ∈ Z. (14)

Furthermore, each basis satisfies the properties

∞∫
−∞

ϕ(t)dt = 1 and

∞∫
−∞

ψ(t)dt = 0, (15)
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A signalf ∈ V0 ⊂ L2 (R) defined by equations (8) and (9) can be decomposed

f(t) = P0f =
∑
k

aJ,kϕ̃J,k +
J∑

m=1

∑
k

dj,kψ̃j,k , (17)



Proceedings of the

SAMCO Summer Academy 2005

 05-09. September 2005

 Zell am See, Austria

WAVELET ANALYSIS IN STRUCTURAL HEALTH

MONITORING AND DAMAGE DETECTION

Volkmar Zabel
1
, Maik Brehm

2

1, 2
Bauhaus-University Weimar, Institute of Structural Mechanics

Keywords: Wavelet Analysis, Structural Health Monitoring, Damage Detection

1 Title of Section (e.g. Introduction)

\section{Identification of Modal Parameters}
\label{sect-wave-rev-1}

Several attempts have been made in recent years to employ wavelet

analysis for the extraction of modal parameters of linear
time-invariant systems from measured data. In section

\ref{sect-wave-rev-1-1} methods that are based on continuous

wavelet transforms are summarised while section
\ref{sect-wave-rev-1-2} is concentrated on approaches that use

discrete wavelet decompositions.

\subsection{Methods Based on Continuous Wavelet Analysis}
\label{sect-wave-rev-1-1}

An approach for the identification of natural frequencies and

modal damping ratios by means of wavelet transforms of free
vibration response data with respect to the complex Morlet wavelet

$\psi \left( t \right) = e^{i \omega_{\psi} t} \, e^{- \frac{t^2}{2}}$

(section \ref{section-fund-3}) was proposed in \cite{Stasz1995},
\cite{Ruzzene1997} and \cite{Stasz2000}. As is common in modal

analysis (e.g. \cite{Ewins2000}, \cite{Maia1997}, \cite{Ibrahim1977a},

\cite{Heylen1997}, \cite{Stasz1995}), it is assumed that the system's

free vibration
response can be decoupled into contributions of $N$ single modes

$j$:

\begin{equation}
x \left( t \right) \, = \, \sum_{j = 1}^{N} \, A_j \, e^{-

\zeta_j \omega_{n_j} t} \; \sin \left( \sqrt{1 - {\zeta_j}^2}

\, \omega_{n_j} t \, + \, \phi_j \right) \;,
\label{eq-wr-1}

\end{equation}

where $A_j$ is the residue amplitude, $\zeta_j$ denotes the modal

damping ratio and $\omega_{n_j}$ and $\phi_j$ refer to the
undamped natural frequency and phase lag, respectively. The

wavelet transform of equation (\ref{eq-wr-1}) for $\phi_j = 0$ with

respect to the Morlet wavelet is \cite{Ruzzene1997}:
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where
aj,n =

∑
k

hk−2naj−1,k and dj,n =
∑
k

gk−2naj−1,k (18)

are the approximation and detail coefficients, respectively.
Detailed descriptions of orthogonal discrete wavelet analysis are available, for example, in [27],

[5], [14], [21], and [49]. To delve into the biorthogonal discrete wavelet analysis [13], [30], [10],
and [9] are recommended.

2.3 Discrete Wavelet Packet Transformation
Compared to the discrete wavelet transformation, the wavelet packet algorithm decomposes the
approximations, as well as, the details. Similar to the discrete wavelet transformation approach a
finite quadrature mirror filter (low pass filter){hk} and its corresponding high pass filter{gk}, a
scaling functionϕ ∈ L2, and a corresponding wavelet functionψ ∈ L2 are connected by equations
(12), (13), and (14).U is a subspace ofL2 (R) spanned by an orthonormal basis{ηn}n∈Z with

ηn(t) = η0(t− n · 2q) ∀n ∈ Z and a fixed q ∈ Z, (19)

whereasη0 andηn can be, but do not have to be of the type (12) or (13). The system of functions

%0 :=
∑
k

hk ηk, σ0 :=
∑
k

gk ηk, %n(t) := %0(t−n · 2q+1), and σn(t) := σ0(t−n · 2q+1)

(20)
can be arranged via filters of property (14). This defines a new orthonormal basis ofU . The ortho-
gonal decompositionU = R⊕ S is valid with the definition of the subspacesR := span{%n}n∈Z
andS := span{σn}n∈Z. For any arbitrary functionf ∈ U and their projectionsfR ∈ R andfS ∈ S
the representations

f(t) =
∑
n

Un ηn(t), fR(t) =
∑
n

Rn %n(t), and fS(t) =
∑
n

Sn σn(t) (21)

can be derived from the relations

Rk =
∑
r

hr−2k Ur, Sk =
∑
r

gr−2k Ur and Uk =
∑
r

hk−2r Rr +
∑
r

gk−2r Sr

(22)
between the coefficients (decomposition and reconstruction formulas). Equations (21) and (22)
are satisfied for each node[q, p] of the wavelet decomposition tree and applicable recursively. If
U [0,0] is the original signal, andU [1,0] := R[0,0] andU [1,1] := S[0,0] are the approximations and
details, respectively, it followsU [q+1,2p] := R[q,p] andU [q+1,2p+1] := S[q,p] with q = 0 . . . N and
p = 0 . . . 2q − 1. N is the maximal level of decomposition.

Recommended further reading for wavelet packets are [21], [48], [5], and [11].

3 Identification of Modal Parameters
Several attempts have been made in recent years to employ wavelet analysis for the extraction of
modal parameters of linear time-invariant systems from measured data. In section 3.1 methods that
are based on continuous wavelet transforms are summarised while section 3.2 is concentrated on
approaches that use discrete wavelet decompositions.

3.1 Methods Based on Continuous Wavelet Analysis
An approach for the identification of natural frequencies and modal damping ratios by means of
wavelet transforms of free vibration response data with respect to the complex Morlet wavelet
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ψ (t) = eiωψt e−
t2

2 was proposed in [41], [36], and [40]. Starting point is the modal decompos-
ition of a system’s free vibration response into contributions ofN single modesj:

x (t) =
N∑
j=1

Aj e
−ζjωnj t sin

(√
1− ζj

2 ωnj t + φj

)
, (23)

whereAj , ζj , ωnj , andφj are the residue amplitude, the modal damping ratio, the undamped natural
frequency, and the phase lag, respectively. The wavelet transform of equation (23) forφj = 0 with
respect to the Morlet wavelet is [36]:

W x
ψ (a, b) =

√
a

N∑
j=1

Aj e
−ζjωnj t e

−
“
a
√

1−ζj2ωnj−ωψ
”2

ei
√

1−ζj2ωnj b . (24)

Depending on the wavelet’s frequencyωψ, each scaling parameteraj is related to the signal’s
frequencyωj by

aj =
ωψ
ωj

, (25)

assuming that both the signal and the analysing wavelet are sampled with the same frequency. For

a fixedaj , which is related to a frequencyωdj =
√

1− ζj
2 ωnj , equation (24) becomes

W x
ψ (aj , b) =

√
aj Aj e

−ζjωnj t e
−

“
aωdj−ωψ

”2

e
iωdj b = Aj e

−ζjωnj t e
iωdj b . (26)

For a previously chosenaj (i.e., ωdj ) the respective modal damping ratio is determined from the
plot of the envelope in the semi-logarithmic scale.

A method for the estimation of the mode shapesφk,j by means of wavelet transforms with
respect to the Morlet wavelet is given in [33]. IfW xk

ψ (a, b) andW
xref
ψ (a, b) respectively denote

the wavelet transforms of the signals at pointk and at a reference point, their ratio at scaleaj

W xk
ψ (aj , b)

W
xref
ψ (aj , b)

= φk,j (27)

is thekth component of thejth complex eigenvector.
In [4] a technique for the identification of natural frequencies and modal damping ratios from

a continuous wavelet analysis of the frequency response function (FRF) is proposed. The complex
functionψ (ω) = 1

(ω−1)2
is chosen as analysing wavelet. It is postulated and verified by two nu-

merical examples that the natural frequencies and modal damping ratios can be estimated from the

coordinatesamaxj andbmaxj of the maxima ofIm
[
WH
ψ (a, b)

]
:

ωn,j =
√
amaxj + bmaxj , (28)

ζj =
amaxj
ωn,j

. (29)

3.2 Methods Based on Discrete Wavelet Analysis
A wavelet-based approach for damping identification is proposed in [25]. Similar to the logar-
ithmic decrement, that can be deduced from a free vibrationx (t) of an SDOF system, a wavelet-
logarithmic decrement formula is derived:

δj '
1

(m− n)T
ln

∣∣∣∣∣ W x
ψ (aj , n T )

W x
ψ (aj ,mT )

∣∣∣∣∣ ,m > n , (30)
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\label{sect-wave-rev-1-1}

An approach for the identification of natural frequencies and

modal damping ratios by means of wavelet transforms of free
vibration response data with respect to the complex Morlet wavelet

$\psi \left( t \right) = e^{i \omega_{\psi} t} \, e^{- \frac{t^2}{2}}$

(section \ref{section-fund-3}) was proposed in \cite{Stasz1995},
\cite{Ruzzene1997} and \cite{Stasz2000}. As is common in modal

analysis (e.g. \cite{Ewins2000}, \cite{Maia1997}, \cite{Ibrahim1977a},

\cite{Heylen1997}, \cite{Stasz1995}), it is assumed that the system's

free vibration
response can be decoupled into contributions of $N$ single modes

$j$:

\begin{equation}
x \left( t \right) \, = \, \sum_{j = 1}^{N} \, A_j \, e^{-

\zeta_j \omega_{n_j} t} \; \sin \left( \sqrt{1 - {\zeta_j}^2}

\, \omega_{n_j} t \, + \, \phi_j \right) \;,
\label{eq-wr-1}

\end{equation}

where $A_j$ is the residue amplitude, $\zeta_j$ denotes the modal

damping ratio and $\omega_{n_j}$ and $\phi_j$ refer to the
undamped natural frequency and phase lag, respectively. The

wavelet transform of equation (\ref{eq-wr-1}) for $\phi_j = 0$ with

respect to the Morlet wavelet is \cite{Ruzzene1997}:
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wherej refers to thejth mode with a natural frequencyωnj that corresponds to the scaleaj .
For the identification of damping from the scaling coefficients obtained by a discrete wavelet

decomposition of free vibration data with2M samples, that has been mapped to an interval[0, 1], a
discrete wavelet-logarithmic decrement is given in [25]:

δj '
2(M−j)

k − l
ln

∣∣∣∣ aj,laj,k

∣∣∣∣ , k > l . (31)

In equation (31) the termsai,l andai,k refer to two maximal scaling coefficients at decomposition
levelj. This means, equation (31) can be interpreted as the classical logarithmic decrement formula
applied to an approximation of the original signal at levelj. The proposed procedure was verified
by a numerical simulation in [25] and applied to data obtained from tests of an eight-storey building
[18].

The response of a linear systemx (t) due to a given excitationf (t) can be calculated via the
system’s impulse response functionh (t − τ). It was derived in [32], that the convolution in time
domain can be completely replaced for discrete response series with2J samples by

x (tn) = {hj,k}T {fj,k} . (32)

The vectors{hj,k} and{fj,k} in equation (32) contain the wavelet coefficients obtained from a
decomposition of the impulse response function (IRF) and the excitation.

In [34] an approach is suggested for the estimation of the discrete IRFs of a system from excit-
ation and response data measured at several locations on the structure:

[x]m×s = [hj,k]m×rl [fj,k]rl×s . (33)

Herem, r, s, andl refer to the number of measured response series, the number of input signals,
the number of measured samples, and the number of considered wavelet coefficients, respectively.
Equation (33) can be solved for[hj,k] as

[hj,k] = [x] [fj,k]
T

(
[fj,k] [fm,n]

T
)−1

. (34)

The IRFs with respect to time are eventually obtained by wavelet reconstruction. In [35] these
impulse response functions are used for the identification of state space models. The respective
mode shapes, natural frequencies, and damping ratios of the system are derived from the state space
representation [3].

To improve frequency response functions (FRF), that were extracted from measured data, a
wavelet-based method is proposed in [7] and [6]. According to [7], the FRF is first estimated
based on measured input and output data in frequency domain. Then both, the real and imaginary
parts ofH (ω), are smoothed by means of a selective wavelet reconstruction, in this case by soft
thresholding. This procedure is slightly modified in [6] where an estimated FRF is first smoothed
using a Hanning window before wavelet shrinkage is carried out.

4 Identification of Time-Varying Systems
Both, continuous wavelet transforms and wavelet coefficients of a discrete wavelet decomposition,
represent the characteristics of a signal in the time-scale domain. This feature is obviously very
stimulating if systems with time-varying properties are considered. Some examples for the applic-
ation of wavelet analysis with respect to the identification of non-linear and linear time-varying
systems are given in the following subsections.
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4.1 Methods Based on Continuous Wavelet Analysis
From the graphic representation of a continuous wavelet transform, it can be deduced how the
energy density of a signal is distributed with respect to time and scale (or frequency). In [4] an
example of a simulated free vibration response of an SDOF system is presented. The ridge of the
corresponding wavelet transform clearly shows a frequency shift with respect to time, that indicates
a non-linearity.

A more detailed investigation of the impulse response of a non-linear system based on wavelet
analysis with respect to the Morlet wavelet and a method for the identification of the system’s
parameters are described in [38] and [40].

As shown in equation (24) the wavelet transform allows for a modal decoupling. In [38] an
identification approach is suggested proposed for the extraction of the ridge, skeleton, and back-
bone from the mode decoupled wavelet transform. The system’s parameters can be estimated by
calculating the instantaneous properties along the ridges and the application of curve fitting to both
the skeleton’s envelope and the backbone curve. This method is applied in [38] to an SDOF system
with Coulomb friction and cubic stiffness contribution and to a 2-DOF system with cubic stiffness
non-linearity.

To describe the input-output relation of a system in the time-scale domain, the ratio of the wave-
let transform of the system’s response to that of the excitation is introduced in [42] as the wavelet-
based frequency response function(HW (a, b)) or scale-translation response function (STRF), as it
is called in [24]:

HW (a, b) =
W x
ψ (a, b)

W f
ψ (a, b)

=
W x
ψ (a, b) W f

ψ

∗
(a, b)

W f
ψ (a, b) W f

ψ

∗
(a, b)

. (35)

In [42] the wavelet-based FRF is employed for the investigation of the non-linear behaviour of
an automobile seat–passenger system under real service conditions. The wavelet-based FRF is
used in the sense of a transmissibility function, this means, as a relation between the accelerations
measured at a mounting bolt of the seat and those at the seat/person interface. Two resonances were
deduced from the ridges of this transmissibility function. The frequencies of these resonances varied
significantly over the observation interval which is interpreted as an indicator for non-linearities in
the behaviour of the considered system.

An alternative method for the description of input-output relations in the time-scale domain is
introduced in [24], the cross wavelet transform:

W fx
ψ (a, b) = W f

ψ

∗
(a, b)W x

ψ (a, b) . (36)

The cross wavelet transform displays the similarities of the inputf with a projection of the outputx
at scalea and translationb. High values of the cross wavelet transform indicate a vigorous response
of the system to an input with corresponding scale at the respective time instant. It is demonstrated in
an example with an SDOF Duffing oscillator, that is excited by a sweep force, how non-linearities
of a system can be retrieved by comparing the wavelet transform of the response with the cross
wavelet transform.

An extension of the cross wavelet analysis technique for the assessment of MDOF systems is
presented in [39] by means of a 3-DOF system with cubic stiffness non-linearity.

4.2 Approaches Based on Discrete Wavelet Analysis
Assuming that the displacementsx (t) due to a measured excitationf (t) are known from a test, the
equation of motion for a linear SDOF system with viscous damping can be expressed as [16]:

m
∑
n

aj,n (x) Γj,lj,n
(2)

+ c
∑
n

aj,n (x) Γj,lj,n
(1)

+ k aj,l (x) = aj,l (f) , (37)
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whereaj,n (x), aj,l (x), andaj,l (f) respectively refer to the scaling coefficients of the displacements
and of the excitation at the discrete translationsn and l at level j which can be interpreted as

low-pass filtered and down-sampled versions of the respective time series. TheΓj,lj,n
(i)

denote the
connection coefficients of theith derivative with respect to a certain wavelet at levelj [49]. The
application of appropriate connection coefficients in equation (37) allows for a complete description
of the response by scaling coefficients of the displacements.

For MDOF systems, equation (37) can be extended to matrix–vector relations in the same way
as in time domain. Then equation (37) can be rearranged such that the system’s parameters to be
identified are collected in a vector{P} while the scaling coefficients of the response are assembled
in a matrix. Provided that the system’s mass is known, one obtains the system of equations[[∑

k

aj,k (x) Γj,lj,k
(1)

]
[aj,l (x)]

]
{P} =

{
aj,l (f) − [M ]

{∑
k

aj,k (x) Γj,lj,k
(2)

}}
, (38)

that can be solved for the unknown system’s parameters in vector{P}.
This method’s performance is demonstrated for an SDOF system and for a 2-DOF system. The

capability of identifying linear parameters, that show different kinds of time-variance, is reported.
It was also tested how the algorithm behaves in the case of noise-contaminated measured data.

The procedure introduced in [16] is extended for non-linear systems in [17]. For the identifica-
tion of an unknown non-linearity it is suggested to try different types of non-linearity and to detect
the model that results in the closest calculated response due to the experimental excitation compared
with the measured values. The proposed procedure is verified by means of simulated tests of SDOF
and 2-DOF systems with different types of non-linearities.

In [49], the principle for identifying the model parameters of a linear system with viscous damp-
ing described in [16] were modified such that the algorithm can be applied to wavelet coefficients
(i.e. details) of measured acceleration data rather than scaling coefficients (i.e., approximations)
of displacements. The identification of an FE-model of a locally damaged steel beam based on
experimental data is described in [50].

All methods, mentioned so far, use the wavelet transformation more or less as a signal processing
tool. In [23] a procedure is submitted that uses a wavelet decomposition to estimate a time-varying
tangent stiffness of a system. The method is tested for a 5-DOF system using both simulated and
experimental data. However, no results about the identified time-varying system’s parameters are
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A related methodology is suggested in [40] for fault detection in gearboxes. Here, the damage
is detected by the assessment of certain patterns in the plots of both the modulus and phase of the
continuous wavelet transforms of the response data with respect to the Morlet wavelet.

The methods proposed in [1], [20], and [2] are focused on the detection of the time instant when
damage occurs in a structure as might be the case during a strong earthquake. In [1] damage in
a linear SDOF system with viscous damping was numerically simulated by superimposing short
impulses with a random excitation. The instants of occurrence of these simulated damage scenarios
were detected as spikes in the wavelet coefficient series of the response at selected decomposition
levels.

Similar investigations are described in [20]. However, there the damage is simulated by abrupt
stiffness reductions of the SDOF system. The wavelet decomposition was applied to response data
recorded in a building during an earthquake.

Continuing the study in [20], the possibility of an improved detection of damage occurrence is
investigated in [2]. It was observed that spikes in the wavelet coefficient series of the response due
to an abrupt stiffness change were difficult to identify if the system was excited by a random force.
Better results were obtained from the plots of continuous wavelet transforms with respect to the
Morlet wavelet and of the windowed Fourier transform.

5.2 Wavelet-Based Damage Indicators
The procedures summarised in the previous subsection deduced the presence or occurrence of dam-
age directly from certain features of wavelet transforms of measured data. In the following examples
either wavelet-based functions are proposed as a measure of damage severity or damage is quantified
by identified changes of the system’s parameters such as stiffness or damping.

The use of wavelet coefficients’ statistics for damage identification is presented in [38], [40],
and [8]. It is illustrated by tests on drilling equipment [38] that the signal-to-noise ratio (SNR)
of measured response data can be interpreted as an indicator of damage. Based on the assumption
that the wavelet coefficients at the firsti decomposition levels solely represent noise, the so-called
wavelet-based statistics is defined:

Sj =
(

σ2 (dj,n)∑
i σ

2 (di,n)

)2

, (39)

wherej is the respective decomposition level. It is indicated that a large valueSj refers to a high
signal-to-noise ratio.

A damage indicator, that is based on changes of variance characteristics of wavelet coefficients
at a certain decomposition levelj fromN data series measured during tests with a random excitation
in the initial (undamaged) and a damaged condition, is defined in [38] and [8].

Special wavelet filters are used in context of condition monitoring of rotating machinery in [29].
Measured response data is filtered such that only components of a single frequency or of a number
of selected frequencies are retained. The condition of the considered system is then assessed by
evaluating the filtered signals either in time or frequency domain (e.g., by power spectra peak ratio).

A numerical simulation of an SDOF system excited by a random force is presented in [37].
The system’s stiffness is changed abruptly. It is estimated from a slightly modified version of the
equation of motion in the time-scale domain:

m

k
W ẍ
ψ (a, b) +

c

k
W ẋ
ψ (a, b) + W x

ψ (a, b) =
1
k
W f
ψ (a, b) + W e

ψ (a, b) , (40)

whereW e
ψ (a, b) is the wavelet transform of an error. It is reported that the parametersc

k andmk are

determined such that
∣∣∣W e

ψ (a, b)
∣∣∣2 is minimised.

Stiffness and damping coefficients of a 3-DOF lumped mass system are identified in [31]. It is
assumed that accelerations were only measured at two degrees of freedom. To overcome this lack
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of information, a neural network approach is studied. As input for the neural network, formulations
are used that were calculated by means of continuous wavelet transforms with respect to the Meyer
wavelet.

Two damage indices that are based on wavelet packet analysis are proposed in [44]. Repetitive
identical testing within a structural health monitoring scheme should then provide information about
the structure’s condition. The damage indicators are calculated based on wavelet packet component

energies

(
Ekj =

∫ (
dkj (t)

)2
dt

)
:

• Sum of absolute differencesSAD:

SAD =
N∑
k=1

∣∣∣Ekj − Ẽkj

∣∣∣ (41)

• Square sum of differencesSSD:

SSD =
N∑
k=1

(
Ekj − Ẽkj

)2
, (42)

whereẼkj refers to the wavelet packet component energies computed for the undamaged (reference)
condition.

Refinements of the analysis of the suggested indicator are described in [43], [45], and [46].
The change of distribution of vibration energy with progressing structural damage of a reinforced
concrete beam and a prestressed concrete bridge were investigated in [49] and [51]. In both experi-
mental studies relations between the IRF’s and transmissibility function’s energy at specific wavelet
decomposition levels and structural damage were observed.

Discrete wavelet analysis is employed in [26] for crack location in a simply supported beam.
Here the displacements at a certain time instant as a function of the beam’s length are decomposed
rather than response data with respect to time. A discontinuity in the wavelet coefficient series at a
certain level is interpreted as an indicator for the crack location. A numerical example with 1024
measurement points is presented, which seems to be rather impractical for a real test application.
Similar or related studies are described in [28], [19], and [47].

6 Conclusion
This article is concerned with a compact overview about some applications of wavelet analysis in
the fields of structural health monitoring and damage detection. In this context it was concentrated
on approaches that are based on the analysis of vibration test data.

The considered mechanical systems are of a great variety. They range from rotating machinery
to large civil engineering structures. Accordingly, the specific problems and respective algorithms
are very manifold. While some approaches are focused on structural health monitoring analysing
data acquired under service conditions other methods were developed for specific dynamic tests
which are performed, for example, in the context of regular inspections.

Many researchers results suggest a high potential of mathematical algorithms based on wavelet
analysis. Nevertheless, most approaches are still on an academic level. Therefore, further research
is required to develop engineering tools, that can be utilised for a standardised assessment and health
monitoring of structures.
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[5] Werner B̈ani. Wavelets: Eine Einführung f̈ur Ingenieure. Oldenbourg Verlag, M̈unchen, Wien,
2002.

[6] Per Bodin and Bo Wahlberg. A frequency response estimation method based on smoothing and
thresholding. International Journal of Adaptive Control and Signal Processing, 12(5):407–
416, August 1998.

[7] Per Bodin and Bo Wahlberg. A wavelet shrinkage approach for frequency response estimation.
In IFAC Symposium on System Identification (SYSID 1994), volume Postprint, pages 737–742,
Copenhagen, 1998. Pergamon Press, New York.

[8] C. Boller, W.J. Staszewski, F.-K. Chang, J.-B. Ihn, and H. Speckmann. Smart systems for
in–service crack monitoring of aircraft components. In Timm Seeger and Stefan Klee, edit-
ors,25 Jahre Fachgebiet Werkstoffmechanik an der TU Darmstadt, Vorträge des Festkolloqui-
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analysis for the extraction of modal parameters of linear
time-invariant systems from measured data. In section

\ref{sect-wave-rev-1-1} methods that are based on continuous

wavelet transforms are summarised while section
\ref{sect-wave-rev-1-2} is concentrated on approaches that use

discrete wavelet decompositions.

\subsection{Methods Based on Continuous Wavelet Analysis}
\label{sect-wave-rev-1-1}

An approach for the identification of natural frequencies and

modal damping ratios by means of wavelet transforms of free
vibration response data with respect to the complex Morlet wavelet

$\psi \left( t \right) = e^{i \omega_{\psi} t} \, e^{- \frac{t^2}{2}}$

(section \ref{section-fund-3}) was proposed in \cite{Stasz1995},
\cite{Ruzzene1997} and \cite{Stasz2000}. As is common in modal

analysis (e.g. \cite{Ewins2000}, \cite{Maia1997}, \cite{Ibrahim1977a},

\cite{Heylen1997}, \cite{Stasz1995}), it is assumed that the system's

free vibration
response can be decoupled into contributions of $N$ single modes

$j$:

\begin{equation}
x \left( t \right) \, = \, \sum_{j = 1}^{N} \, A_j \, e^{-

\zeta_j \omega_{n_j} t} \; \sin \left( \sqrt{1 - {\zeta_j}^2}

\, \omega_{n_j} t \, + \, \phi_j \right) \;,
\label{eq-wr-1}

\end{equation}

where $A_j$ is the residue amplitude, $\zeta_j$ denotes the modal

damping ratio and $\omega_{n_j}$ and $\phi_j$ refer to the
undamped natural frequency and phase lag, respectively. The

wavelet transform of equation (\ref{eq-wr-1}) for $\phi_j = 0$ with

respect to the Morlet wavelet is \cite{Ruzzene1997}:
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