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ABSTRACT: In this paper a discrete crack propagation algorithm is presented which uses a

meshless discretization of the domain based on the Natural Neighbor Interpolation. The cohesive

crack behavior of concrete is modeled with the Fictitious Crack Model representing a force trans-

mission over micro cracks. A stress-based and an energy-based crack propagation criterion are

presented and analyzed with several numerical examples, whereby the latter one led to more sta-

ble results. The material uncertainties in concrete are modeled with random fields by obtaining the

characteristic structural response with Latin Hypercube Sampling. Finally the applicability of the

stochastic model for the presented crack simulation is shown on an example.

1 INTRODUCTION

The discrete modeling of crack propagation in concrete with arbitrary geometries is still a field for

many researchers because of the required discretization update of the domain. If standard finite

elements are used, an adaptive remeshing of the structure is necessary. For higher order elements

complex mesh generators are required. A younger technique is the Extended Finite Element

Method [1], where the cracked elements are enriched by additional jump functions without

remeshing, but the arbitrary intersection of cracks is limited through the predefined additional

shape functions. In both techniques an adaptation of the integration point arrangement is neces-

sary, which requires the transformation of the state variables. Due to the discontinuous stress dis-

tribution over element edges this procedure is not straightforward. An alternative possibility to

model discrete cracks are meshless interpolation methods [2], where a predefined mesh is not nec-

essary, the interpolation function depends only on the node positions. Most meshless interpolation

functions can present continuous stress distributions almost everywhere, which makes the trans-

formation of stress depending history variables much easier.

In this study the Natural Neighbor Interpolation [3] is used in a framework of a Galerkin

approach. This methods shows several advantages compared to the common Element-free Galerkin

Method [4]. To model the cohesive crack behavior of concrete the Fictitious Crack Model is

applied [5], which assumes a force transmission over micro cracks. Two different crack propaga-

tion criteria will be presented and compared, a stress based criterion using a nonlocal average [6]

of the stress tensor around the investigated point and an energy criterion based on the Virtual

Crack Extension technique [7].

Due to the inhomogeneity of concrete, the material properties show much higher fluctuations

compared to other materials which makes a stochastic modeling of the parameters reasonable. In

this study isotropic random fields with several correlated parameters are used to describe the dis-

tribution of the different material quantities. In order to reduce the simulation effort the number of

independent random variables is reduced through a spectral representation [8]. The statistical
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analysis of the structural response is obtained by Latin Hypercube Sampling [9] which requires

only a small number of samples compared to plain Monte Carlo Simulation [10]. The applicability

of the presented algorithms will be shown on numerical examples.

2 MESHLESS INTERPOLATION

The common “Moving Least Squares” (MLS) interpolation, which is applied in the “Element-free

Galerkin Method” [4], uses a base polynomial which is of lower order than the interpolated func-

tion. The system of equations becomes overdetermined and is solved by a least square approach

by including a distance depending weighting function. The obtained interpolation function does

not pass through the nodal values

(1)

therefore the MLS method is an approximation instead of a true interpolation. The essential bound-

ary conditions are not fulfilled automatically, which needs special effort especially by using a cou-

pling with finite elements.

A younger development in meshless methods is the application of the “Natural Neighbor

Interpolation” [3] in the framework of a Galerkin approach, the so-called “Natural Neighbor

Galerkin Method” or “Natural Element Method” (NEM) [11]. The interpolation technique defines

natural neighbor nodes based on a Voronoi diagram of the domain. The dual of the Voronoi dia-

gram is the Delaunay tesselation which is displayed in Figure 1 for a set of nodes. The interpola-

tion of the displacements is done similarly to the Finite Element Method (FEM) by summating the

nodal displacements ui multiplied with their shape function values ,i

(2)

The NEM shape functions ,i are calculated from the area proportions of the second order Voronoi

cells of the interpolation point as follows

(3)

Figure 2 shows these second order Voronoi cells for a given interpolation point PIP. A detailed

description of the area computation by different algorithms is given in [12]. The Delaunay tesse-

lation is assembled by using the “Triangle” software package [13].

2

Figure 1. Voronoi diagram and corresponding delau-

nay tesselation.

Figure 2. Second order Voronoi cells for sample

interpolation point PIP.
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Contrary to the MLS-interpolation the NEM-interpolation represents the nodal values exactly

(4)

the essential boundary conditions are fulfilled automatically. The properties of the interpolation

are linear completeness, linear precision at the boundaries [11] and C1 continuity, except at the

nodes, where we find C0 continuity. To assemble the system matrices and vectors a numerical inte-

gration via Gauss point quadrature over the Delaunay triangles is used.

3 CRACK PROPAGATION MODELING

3.1 Cohesive crack model

To model the energy dissipation process in quasi-brittle materials such as concrete the Cohesive or

Fictitious Crack Model [5] can be applied. It assumes the existence of a fracture process zone

ahead of a real crack tip. Along the fictitious crack surfaces stresses can be transferred through

mechanisms such as aggregate interlock and material bonding until the crack width reaches a crit-

ical value. The normal stress tn is formulated as a function of the crack width w.

The stress state at such a cohesive crack tip is shown in Figure 3. In this study finite interface

elements are used to transmit the cohesive forces between the meshless nodes at the crack sur-

faces, which are placed automatically during the crack growth simulation. The nodal discretization

with the corresponding Delaunay triangles around a moving crack tip will be updated according

to [14] where the author applied a local Laplace smoothing algorithm [15] to optimize the triangle

integration zones for the MLS-interpolation. This concept is adapted to the NEM by investigating

the smoothed triangles with respect to the fulfillment of the Delaunay criterion and their possible

reassembling. The relation between the normal stress and the crack width is modeled with the com-

mon exponential softening law. In order to avoid the penetration of existing crack surfaces caused

by reversed loading a penalty function is defined. The obtained relation for the normal stress is

(5)

where Gf, fct and c are the specific fracture energy, the tensile strength and the penalty stiffness,

respectively. The full normal stress is activated over a crack width w0. The critical crack opening

wc defines the point, where a micro cracks turns into a macro crack. For un- and reloading a linear

function back to the point of origin is assumed. The complete normal stress function is displayed

in Figure 4. The cohesive shear stress at the crack surfaces is modeled with the Coulomb friction

hypothesis according to [16].

3

Figure 3. Stress state at the cohesive crack tip.

Figure 4. Normal stress function depending on

crack opening displacement.
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3.2 Stress-based crack propagation criterion

In many studies dealing with cohesive crack growth of concrete the Rankine criterion is applied

(e.g. in [16] and in the contributions of C. Feist to [17]). By using this criterion a crack arises or

grows if the maximum principal stress at the investigated point exceeds the tensile strength. The

crack propagation direction is assumed to be perpendicular to this principal stress direction. In

order to reduce the effects of load or geometry introduced singularities the computation of the

stress tensor of the investigated point by a nonlocal average scheme is reasonable. This nonlocal

stress tensor can be obtained as

(6)

where � and �E are the nonlocal weighting function and the nonlocal interaction area, respec-

tively. As weighting function usually a bell shaped polynom is chosen [6], which depends on the

distance r � ||x � .|| and on an interaction radius R. Detailed information on the determination of

this quantity can be find in [16] and [18].

3.3 Energy-based crack propagation criterion

Xie [7] derived an energy-based cohesive crack criterion for mixed-mode fracture, which is based

on the principle of energy conservation

(7)

where u is the displacement vector, f are the cohesive forces and A is the crack surface area. The

total strain energy release rate G can be calculated as

(8)

with the stiffness matrix K and the external nodal force vector P. The computation of G is done by

using the Virtual Crack Extension (VCE) according to [7]. The direction of the virtual crack is

assumed to match with the direction of the last existing crack increment (Fig. 5). The crack tip

node is shifted along this line for an infinitesimal virtual distance.

By assuming constant external forces the Mode-I and Mode-II components of G � GI � GII
can be obtained by using a finite difference approximation from Equation 8

(9)
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Figure 5. Virtual crack extension �a at an existing crack tip with the NEM stiffness integration area

(striped) and the observed cohesive interface element (gray).
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uI and uII are the Mode-I and Mode-II displacements of the nodes in the crack tip area, �CT, which

are connected with the tip node in the meshless stiffness matrix. The stiffness difference can be

easily computed from the integration points influenced by the crack tip node. The computation of

uI and uII by using mirror images of the nodes is described in [19] in detail. The determination of

the second term in Equation 7 is done by using finite difference approximations again

(10)

where by only the cohesive interface element at the crack tip has to be considered [7]. The increase

of the crack surface area �A is given for a 2D structure as the product of the virtual crack exten-

sion �a and the thickness. The VCE according to [7] is shown exemplarily in Figure 5 with the

NEM integration area to compute the stiffness difference.

This criterion is directly applicable only for existing crack tips. For crack initiation the stress-

based criterion explained in section 3.2 is used. It is recommended in [7] to choose the direction

of the crack propagation for the VCE method perpendicular to the direction of the maximum prin-

cipal stress at the crack tip. A different crack direction criteria will be analyzed in section 5.2 based

on the investigations in [20].

4 PROBABILISTIC MODEL

4.1 Random field modeling

The application of random fields in numerical computations requires the discretization of a con-

tinuous field. The application of point discretization methods shows several advantages compared

with other methods, such as the simple computation of the correlation matrix and the matching

distribution functions in the discretized and continuous case. In this study the integration point

method is applied, where a random field is discretized at the integration points of the meshless

zone. The random fields are assumed to be characterized by a given distribution type and a corre-

lation function between the discrete random variables [8]. In this study an isotropic correlation

type with an exponential correlation function is chosen exemplarily.

To simulate discrete samples of larger random fields, a reduction of the number of random vari-

ables could be necessary. This can be done by a transformation from an arbitrarily correlated space

to the uncorrelated Gaussian space [8]. For non-Gaussian distribution types the Nataf transforma-

tion [21] has to be applied first to transform the correlation matrix Czz to the correlated Gaussian

space matrix Cxx. The transformation to the uncorrelated Gaussian space will be done by solving

the standard eigenvalue problem

(11)

where Cyy is the diagonalized correlation matrix, 0 are the eigenvectors and 
i
2 are the eigenval-

ues. To represent the random field with sufficient quality only a small number of the largest eigen-

values together with the corresponding eigenvectors is necessary. This number depends mainly on

the correlation length.

To model different types of mutually correlated structural parameters at each discretization

point, a given parameter correlation matrix has to be defined and will be combined point-wisely

with the computed values of the geometrical correlation matrix.

4.2 Latin hypercube sampling

To determine the statistical characteristics of a structural response, Stratified Sampling methods

can reach a sufficient accuracy with only a few samples if the number of uncorrelated random
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variables is small. One of these methods is Latin Hypercube Sampling (LHS) [9], which stratifies

the theoretical probability distribution of the independent base variables xi in N classes Dj

(12)

For each class a representative value xij is chosen, the random variables are not simulated anymore.

The obtained random permutation matrix has the size N � n, whereby n is the number of pseudo-

simulations. LHS was already successfully applied for nonlinear problems.

5 NUMERICAL EXAMPLES

5.1 Numerical investigation of L-shaped panel

Within this example the presented algorithm is used to predict curvilinear crack patterns. The ver-

ification of the algorithm for Mode-I problems with a theoretical straight crack line was shown be

the authors in [20]. For this problem type the VCE criterion for crack growth and the principle of

maximum hoop stresses [22] for the crack direction based on Linear Elastic Fracture Mechanics

(LEFM) led to the best results. In this example the different criteria for crack growth and the crack

direction will be investigated by analyzing a L-shaped concrete panel. In [23] three displacement

controlled experimental tests have been carried out. The test setup is shown in Figure 6 and the

experimental load displacement curves in Figure 7. The material parameters have been determined

as follows: the Young’s modulus as 2.6  1010N/m2 the Poisson’s ratio as 0.18, the tensile strength as

2.7  106N/m2 and specific fracture energy in a range between 65 and 90 N/m. For the numerical

investigations the Young’s modulus was calibrated with the linear part of the load displacement

curve with 1.8  1010N/m2 by using an initial uniform finite element discretization with 1200 4-node

elements and 1281 nodes. The specific fracture energy was chosen analogous to the contribution

of Oliver et. al. to [17] as 95 N/m which was determined from the test curves. The meshless calcu-

lation was done by using the initial finite element discretization and transforming those elements

during the calculation to a meshless area, where the maximum principal stress of at least one inte-

gration point exceeds 90% of the tensile strength, and these, which are touched by a new crack
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Figure 6. Test setup of the investigated L-shaped

panel (Winkler 2001, dimension in mm).

Figure 7. Experimental and numerical crack patterns

and load displacement curves.
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increment. Details about this transformation have been published by the authors in [14]. In Figure

7 the obtained numerical results are displayed compared to the experimental values. The figure

indicates a good agreement. For the calculation using the nonlocal crack propagation criterion the

interaction radius was assumed as R � 20 mm. The nonlocal load displacement curve shows an

artificial stiffening effect above 0.7 mm vertical displacement caused by a strong oscillation at the

end of the crack path.

5.2 Stochastic crack evaluation in a simply supported reinforced concrete beam

In this example the applicability of the presented stochastic model within the meshless formula-

tion will be shown. For this purpose an experimentally investigated reinforced concrete beam [24]

is analyzed numerically. Figure 8 shows the test setup with load and boundary conditions. The

material parameters have been chosen analogous to [24]. The Young’s modulus and the tensile

strength of concrete are assumed to be the two parameters of a lognormally distributed random

field. The coefficient of correlation between these parameters and the standard deviation were

chosen as 0.8 and 0.2, respectively. To investigate the influence of the correlation length two dif-

ferent calculations with lH � 2.10 m and lH � 0.50 m were carried out by using 30 and 70 Latin

Hypercube samples.

Figure 8 shows the load depending mean values and the standard deviations of the beam deflection

for the experimental and the numerical investigations. The experimental results have been

obtained by analyzing 20 test beams. The curves show good agreement in their trends. The differ-

ent correlation lengths influence the standard deviations significantly, the influence on the mean

values remains relatively small.

6 CONCLUSIONS

In this paper a discrete crack propagation algorithm is presented which uses the meshless Natural

Neighbor Interpolation technique. The cohesive crack behavior of concrete is modeled by placing

finite interface elements between the crack surfaces. Two different crack criteria are presented, a

stress-based and a energy-based criterion. The latter one uses the Virtual Crack Extension tech-

nique to calculate the strain energy release rate as crack criterion and the principle of maximum

hoop stress for the crack direction and gives more stable results than the stress criterion. The crack

model was verified through the comparison with experimental data. The nonlinear behavior of

concrete under compression which is not included in the model will be considered in further stud-

ies of the authors. A stochastic model using random fields is applied to represent the fluctuating

material parameters. The required statistical analysis of the structural response is done using Latin
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Figure 8. Simply supported reinforced concrete

beam investigated numerically.

Figure 9. Statistical load displacement curves (thick

line – means, thin line – standard errors).
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Hypercube Sampling to reduce the number of the necessary samples. The applicability of the sto-

chastic model was shown on a further numerical example.
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