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Stochastic dynamic stability analysis of nonlinear structures

Thomas Most & Christian Bucher
Institute of Structural Mechanics, Bauhaus-UniveéisiVeimar, Marienstrasse 15, D-99423 Weimar, Germany

Summary This document presents an analysis method to investigate the dynamic stability behaviour of rat
dom geometrically imperfect systems loaded by random excitations. The analysis uses a time integrati
method to consider all nonlinearities of the structures. The method is based on the stability concept of Ly
punov. The obtained nonlinear numerical results are compared with the results of a well known linear analys
method, which is explained as well. The nonlinear and the linear method are applied on nonlinear multi-degre
of-freedom systems to compute the failure probability depending on the excitation intensity.

1 INTRODUCTION terion "stability with probability one”. To analyze the

This paper gives an short overview of the investiga—Stab”ity a time integration of the system with an ac-

tions in stochastic dynamic stability analysis. In pre-companying stability analysis until infinity is theoret-

vious publications, geometrically imperfect structuresc@lly required, see e.g. Burmeister 1987, Eller 1988,
b g ALY Kratzig and Nawrotzki 1996. Principally all nonlin-

ith static loadi horling 1997 iodic load-
with static loading (Schorling 1997), periodic load earities of the system can be considered if the non-

ing conditions (Schorling and Bucher 1998, SchorlingIinear system matrices are computed time-step-wise

and Bucher 1999) and for random loading (Schor- 'S¢ >Y>Y e ) .
ling, Bucher, and Purkert 1998, Schorling, Most, and] IS time integration is the crucial numerical opera-
Bucher 2001) were considered. These publicationdn- Implicit time integration methods of the New-

construe geometrical imperfections as randomly spal@'K type can fail due to ill-conditioned stiffness ma-

tially distributed deviations from a perfect geome_tricesinthe vicinity of the stability border. An explicit

try. Mathematically these imperfections can be mod{ime integration method is applied here which is lim-

eied as random fields which are discretized by point&€d Py & system-dependent critical time step. .
equivalent to the nodes of the finite element model. | "€ sécond method is based on a convergence crite-

The random field is characterized by the covariancélOn Of the stability expressed in term of second mo-
matrix. The eigenvectors obtained by a diagonalisa€Nts (mean square stability). The Lyapunov expo-
tion of this matrix (Ghanem and Spanos 1991) car'€Nts are derived by thedlcalculus, see e.g. Soong

be interpreted as orthogonal imperfection shapes witRd Grigoriu 1992. This method can be practically
probabilistic weights. The stability behaviour of ge- ON linear systems. By considering only the first order

ometrically imperfect systems can be analyzed Selot_erms of the asymptotic stiffness matrix series nonlin-

arately for each shape by using standard methods &@f Systéms can be linearized. The ¢alculus does
structural mechanics. not require an extensive time integration procedure.

Th d loading i dtob lar- Both methods are verified and applied to SDOF and
€ random loading 1S assumed 10 b€ a Scalaly,nqoe systems by using the #d Software package
valued white noise process, which can be discretize

by using finite Fourier series with random coefficients ucher etal. 1995, Bucher and Schorling 1997).

(Rice 1948). - . 2 METHOD OF ANALYSIS
This paper presents two stability analysis method32_1 Probabilistic Model

These methods are base on different convergence c
teria for asymptotic stability. By application to dif-

ferent systems both methods are compared and disp represent geometrical imperfections, which are in-
cussed. terpreted as spatially fluctuating structural properties
The first method is based on the convergence criwith respect to a perfect geometry, random fields with

1.1 Random Imperfections
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a defined degree of homogenity and isotropy (Vanwith the mass matriM, the the nonlinear restoring
marcke 1983) can be applied. In this paper the imperforce vectorr, depending on the nodal displacement
fections are assumed to be weakly homogeneous angctorx, and the time depending continuous loading
normally distributed, characterized by an exponentiafunctionf. Eq.3 is valid for any perfect or imperfect
correlation function with a defined correlation length structural system. The formal linearization of the non-
l. linear restoring forces, which are supposed to be con-
By discretising the random field using the nodes oftinuous and differentiable, with respect to a continu-
a finite element structure, the correlation matrix canous reference solutiox, andx, yields:
be obtained as a function of the nodal coordinates

(Brenner 1995). The random field is conditioned by B . or .ooor 4
assuming the support conditions as deterministic. The r=rxoX)+ o ytof v, 4
modifiedconditionalrandom field (Vanmarcke 1983, X0-X0 X0%0
Ditlevsen 1991) is no longer weakly homogeneousor

Its parameters are determined via a stochastic interpo- r =r(Xo,Xo) + Cy + Ky (5)
lation scheme which is based on the maximum likeli- . .
hood principle (Ditlevsen 1991). with the deviation from the reference solutign=

X — Xo and the tangential stiffness and the damping
matricesK andC respectively. The equation of mo-
\pTémxp = diag (0—}%) with 0‘}2,1 > 0—32,2 > ,,,gg, (1) tion can be split into a differential equation for the
' ! reference solution itself,

The final correlation matricC,, is diagonalized:

The eigenvectorsl characterize the imperfection
shapes, the eigenvalue$ represent the variances of
the respective amplitudes. These amplitudes are nor-
mally distributed, have zero mean and are orderedq 3 differential equation for the difference to neigh-
with decreasing size (Brenner 1995). boring motions:

The failure probability of the structure is computed
by integration of the marginal distribution of the ran- MY +Cy + Ky =0 @)
dom variable vectoly over the failure domain indi-
cated byy(y) < 0:

MXO—Fr(Xo,Xo) =f (6)

2.2.2 Nonlinear Stability Analysis

Py = / e (y)dy. 2 1o analyze the dynamic stability behaviour of nonlin-
9(y)<0 ear systems an integration of Eq.6 is necessary until
whereg(y) < 0 indicates the region of instability. To stochastic stationarity is reached. In each time step,
solve Eq.2 imperfection shapes are increased until ththe tangential stiffness matrik has to be determined.
stability border is reached. Whefy is of dimension  With this kind of analysis a criterion for sample sta-
one the failure probability can be obtained analyti-ility is developed. In order to speed up explicit time
cally. To investigate a higher dimensional problem arintegration, this equation can be projected into a sub-
interaction model can be applied. The stability bound-space of dimensiom: as spanned by the eigenvec-
aries can be computed with the linear and the nonlintors of the undamped system corresponding to the
ear method. m smallest natural frequencies (Bucher 2001). These
eigenvectors are the solutions to
2.1.2 Random Excitation
- _ (K(Xswt)—w?M)(I):O; i=1...m (8)

The random excitation process is assumed to be a
white noiseprocess with a given mean value and ain this equationx., is chosen to be the displace-
power spectral density. The process is dicretized bynent solution of Eq.6 under static loading conditions.

using Fourier series (FFT) with Fourier coefficientsThe mode shapes are assumed to be mass normal-
as zero-mean Gaussian random variables and randated. A transformatiorx = ®v and a multiplication

amplitudes according to Rice 1948. of Eq.6 with®” represents a projection of the differ-
_ ential equation of motion for the reference solution
2.2 Mechanical Model into the subspace of dimensiom as spanned by the
2.2.1 Reference Solution and Consistent Lin- eigenvectors:
earization
V+®7r(x,x) = ®"f (9)

The nonlinear equation of motion of a system can be

written In a matrix-vector equation: The integration of EQ.9 by the central difference

MX+r(x,X) =f (3) method (Bathe 1996) requires a minimal time step.



The time integration in the subspace and the com2.2.3 Linear Stability Analysis

puting of the restoring forces on the full system causes .
the following problem: If the initial displacement or | € Lyapunov exponent for the stability of the second
velocity vector of the time integration is not zero, for moments of a linearized reference solution can be de-

example due to static loading, the projection of thesd€rmined by the & analysis. The nonlinear stiffness
vectors into the subspace is an optimiziation problenf@lrx in EQ.7 can be expanded into an asymptotic

caused by the higher number of variables in the fullS€r€s With respect to a static loading condition. Un-
space. A possibility to improve the situation, is to startd€! thé assumption that the fluctuating part is small
the time integration in the subspace with a displace-enough this series can be truncated after the linear

ment and velocity vector equal to zero. The initial €™
vectors have to be saved in the full system and the . ,
restoring force vector has to be computed by addition MY +CY + (K (Xstar) +f(1)K1)y = 0 (15)

of the initial and the time integration vectors: . . L ) )
g This equation of motion is projected into a subspace

r(X,X) = r Xtart + BV, Xgpart + ®V); of dimensionm and then transformed into its state
space description analogous to Eq.11:

Vit=0)=v(t=0)=0 (10)
In the investigated cases the initial vecxoy,,. is the z=[A+Bf(t)]z (16)
static displacement vector, the initial velocities are as- - )
sumed to be zero. where the coefficient matrices andB are constant.

To analyze the stability behaviour of the referencef () is assumed to be Gaussian white noise. Then the
solution x,(t), the long-term behavior of the neigh- Ed.16 represents a first order stochastic differential
boring motion (Eq.7) is investigated. To reduce theequation. For this system the Lyapunov exponent
dimension of the equation system, this equation caifor the second moments can be easily derived by ap-
be projected into the same or a smaller subspace #dying the 16 calculus (e.g. Soong and Grigoriu 1992,

Eq.9. Transformed into the state space description wkin and Cai 1995), which leads to a linear ordinary
obtain: differential equation for the covariance expressions

C,, = E [zZ"] depending on the noise intensiby:

: 0 I
2=| $Tk® _7Ch z=AX(t)]z (11) ' D,
C,;=FC,,+C,F" + DyBC,,B", F=A+—B?
From this equation, the Lyapunov exponentan be 2(17)

determined by a limiting process: By rearrangingC,, in a vector, the equation can be

| rewritten in matrix-vector-form, where the largest real
AlXo,8) = lim —log|8 (X, t)8]] (12)  part of the eigenvalues of this matrix represents
The Lyapunov exponents for almost sure stability

in which s is an arbitrary unit vector. In EQ.12, can pe approximated for linear SDOF-systems ana-
O(xo, t) is the transition matrix from timé to ¢ as- lytically (Lin and Cai 1995):

sociated with Eq.11. Based on the multiplicative er-

godic theorem (e.g. Arnold and Imkeller 1994) the

Lyapunov exponent can also be calculated as an ex- A = —Cowo +
pected value:

WSffwg

. (18)

d wherewy is the natural frequency,, is the modal
A(Xo,S) = E[% log ||©(Xo,t)s||] (13)  damping ratio andby;, is the power spectral density
of the white noise excitation. By exploiting the equa-
In the current investigation, the norfi®(xy,?)s|| is  tion
expressed in terms of Ao = —2(owo + TS (19)

1©(X0,1)8]| < [|©(Xo, 1) - |IS]| = ||©(X0,t)|| (14) the Lyapunov exponent for the samples can be ap-
: : : : : proximated from\, according to
Finally, this result is used in calculating the Lyapunov

exponent according to Eq.12 by using a matrix norm Ao Cowo

equal to the eigenvalye,,... of ©(x,, ) with the max- A= 4 9 (20)
imum absolute value. The time domairhas to be

taken large enough that the Lyapunov exponent confhis equation can also be applied on MDOF-systems,
vergences to a stationary value. For the statistical estit should be mentioned that the term(yw, corre-
mation of the convergence of the Lyapunov exponentsponds then to solution without random parametric
Eq.13 is suitable. excitation.



3 NUMERICAL EXAMPLES . . — . . .

. . 0.1 / Mean value B
3.1 A nonlinear simple column = oosl Standard deviation |
The nonlinear behaviour of a imperfect structure was § 006 - |
investigated on a simply supported column subjecteduz '
to a random vertical load as shown in Fig.1. g 0T ]
§ 0.02 |- 7777777777
002 1 1 1 1 1 1 1
‘PO 0 0.2 0.4 0.6 0.8 1 1.2 14
E=107 N/m? Mid-span imperfection [cm]
=0,3 . . . .
m ;:]000 ke/m? Figure 2: Comparison of nonlinear an@4analysis
0,15m .
N 3.410'°N/m?, the mass density = 3400kg/m? and
0.15m the Poisson’s ratig. = 0.2. The constant load factor
) _ , The structure is discretized with x 7 nodes and
Figure 1: Investigated MDOF-Column meshed with geometrically nonlinear 9-node shell el-

. . ” ements. At a static load factor of,;, = 16825 the
The static loadr, is chosen to be 80% of the critical structure reaches an unstable q};ttatteé(mg 1989

load of the perfect column. A nonlinear static stabil-, 15799 Schorling and Bucher 1999, —

ity anal_ysis Iegds to the value &f,;, = 2.59.2N..The . 16200; both used a different discretisation and dif-
dynamic load is chosen to be a Gaussian white N0iS§gant elements). The static load is assumed to be
For the dynamic stability analysis, a modal damplng — 0.850,,,P. The fluctuatlng load is considered

ratio of ¢ = 0. %1 Is assumeld f?fr al modesl : Pﬂmt = (f(t)P, wheref(?) is the unit white noise
To reduce the numerical effort a moda rechCt'Onprocess and is the load factor. The damping is as-

is necessary. This requires an |nvest|gat|on which dig;med as modal damping with the damping raie-
mension of the modal subspace is necessary to reprg-os tor all modes.

duce the stability behaviour. Be reducing the full sys- 1,4 geometrical imperfections are considered in

tem withm = 60 modes tan = 20, where a sufficient o g of radial deviations from the perfect panel sur-
comparisson is granted, the critical time steps werg, .o and are modelled as a conditional Gaussian ran-
one order of magnitude apart so that=20 ledto a 4o field. The mean is assumed as zero and the stan-

spleed-u_p 01.0' P duced perf h dard deviation as = 10~3m. The correlation length

nvestigations of the reduced perfect system havey ye axponential correlation function is considered
shown, that the assumption of the linear method ofyi ;. — 10y, The imperfection shapes are obtained
similar time behaviour of the stiffness matrix and the y the decomposition of the covariance matrix ac-

g?gltatlon IS nr(])t e_xactﬁ caused by af q‘.Jf'fte substantigly ging to Eq.1. The first four imperfection shapes
literence In the time fluctuations of stifiness matrix 5.6 shown in Fig.3 as well. The corresponding stan-

and excitation. However, for a first approximation of y, .4 deviationsry, in uncorrelated normal space are

the stability boundary the linear analyses can be apgicated in the figure. The first shape is very similar
plied. The imperfection influence was investigated on ihe buckling shape.

a imperfection shape proportional to the first buckling
shape for a fixed load factdr= 200N. The magni-
tudes of mid-span imperfections are varied frono
2.79 em. The destabilizing influence of the geomet-

rical imperfections is easily seen from the results as 3
given in Fig.2. The figure shows that the Lyapunov v ot
exponents obtained by the linear and nonlinear analy- <7 far

sis are in the same dimension in the stable area. In the ,p %
unstable region the difference is quite substantial. /'/ Gya= 057

o =N\
3.2 Reliability investigation of a shell structure

A cylindrical panel was considered, which is men-Figure 3: Nonlinear cylindrical shell structure with as-
tioned e.g. in Katzig 1989 and Schorling and Bucher sociated weighted imperfection shapes

1999. The assumed structure is shown in Fig.3. The

geometrical and the material proberties were given as: The structure was investigated by using the It
radiusRk = 83.33m, the half width and heigth=5m,  analysis and it was found that only the first imper-
the thicknessh = 0.1m, the Young’'s modulugy =  fection shape has a major influence on the stability



behaviour. The critical noise intensity of the perfectload first with0.85v,..;; of the same model. This leads
system was obtained d%,_ ., = 920007 with the lin-  to different static loads. To obtain the stability bound-
ear andD,_,, = 200007 with the nonlinear method aries by a constant static load this load was assumed
by averaging 20 simulations with)® time steps. The as0.85v,,;; of the 7 x 7 node model. The results are
nonlinear analysis uses a modal subspace spanned blgown additional in Table 1. It is to be seen that the
12 of the 213 eigenmodes with a critical time step ofinfluence of the discretization on the critical noise
At = 6.3 -1073s. The investigation of the first imper- intensity is much higher than on the static buckling
fection shape obtained by nonlinear analysis show obload. The nonlinear method was not applicable for the
servable deviations from the linear results. This pointd 1 x 13 and25 x 25 node models, caused by the hugh
out that the nonlinearities of this structure have anumerical effort.

higher influence as compared to the previous exam-

ple. The obtained stability boundaries depending on Model | v,.;; Dy,,,, Dy,
the imperfection size are displayed in Fig.4 for the v =0.85Verit | V= 0.85Verit7x7
linear and the nonlinear analysis. 7x 7 116825 91736m 917367
11 x 13 | 15968 439467 321167
120000 — 25 x 25 | 15744 323537 138547
100000 |- nonlinear — - - Table 1: Critical static and dynamic loads

80000
4 CONCLUSIONS

The paper presents two methods to analyze the
stochastic dynamic stability behaviour of structure
which are discretized by finite element models. The

60000

40000

20000 |

Critical noise intensity Dy [*7]

0 » > . 1‘ . s nonlinear method can consider geometrical and ma-
~— Decreasing curvature Increasing curvature —» terial nonlinearities by using a nonlinear explicit time
Imperfection size Y, /oy, integration. The linear method is only applicable for

Figure 4: Stability boundaries vs. imperfection size linéar or linearized systems. In the presented exam-
ples it was shown that the influence of nonlinearities

could be very varying for different types of structures.

The failure probability for this one dimensional The linear method does not necessarily give approxi-

problem can be obtained analytical from the stability o ;
boundaries and is shown in Fig.5 depending on thénately correct stability boundaries.

noise intensity for both methods. Itis to be seenin theargcr); rfelgebrllltlgj ?)na;yggsngi]t?o;Z??gr?gjc;me‘grgcmgsse
picture, that a sufficient approximation of the nonlin- b y '

ear probability graph is not possible with the ”nearcorrelafuon matrix can be dlagonallzed In dlﬁerentlm-
method perfection shapes and respective random amplitudes.

The failure probability can be computed depending on
_ the dimension of the random variable vector.
Honinear —— It is necessary to compute many stability bound-
aries from different imperfection-size/excitation-
- intensity combinations for every imperfection shape.
With the nonlinear method this number of necessary
simulations is not realizable for larger systems caused
. by the numerical effort. It is suggested to use the lin-
| | | ear method to find the imperfections shapes which
0 05 1 15 2 25 generally influence the stability behaviour. The sta-
Noise intensity factor Deit/Docrit bility boundaries can be approximated with the linear
Figure 5: Failure probabilities for both methods  method as well, but the nonlinear method should by
applied then to check or if necessary to correct the

Furthermore the discretisation influence on the/€Sults. The presented examples indicate the impor-

stability boundaries was investigated on the perfecfance of appropriate discretization to reproduce the
panel. Additional to the” x 7 node model, systems dynamic stability behaviour of the system, correctly.

modeled with11 x 13 (Schorling and Bucher 1999)

and 25 x 25 nodes and meshed with geometrically5 ACKNOWLEDGEMENT
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